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Let F be a o-field. Let X be a bounded random variable. Prove
E[X? | F] > (B[X | F])*.
(It is not allowed to use Jensen’s inequality.)

—. [15 %)

Let {X,, Yy, }n>1 be a sequence of square integrable random variables. Suppose that {S, = > ;| Xj}n>1
and {V,, = > p_; Yi}n>1 are martingales w.r.t. a family of o-fields F,,, n > 1. Prove that

n
Zy = SVo =Y XiVi, n>1
k=1

is a martingale w.r.t. the family of o-fields F,.

=. [25 4]

Let X,,,n > 1 be independent random variables with P(X,, =1) =pand P(X,, = —-1)=qg=1—p,
where p # q. Let F,, = o(X1,Xa,...,X,) be the o-field generated by Xi, Xs,..., X, and Fy =
{Q,2}. Consider the random walk S, = > " | X;, n > 1, with Sp = 0. Suppose 0 < p < 1. It is
known that {Z,, = (%)S”, n > 0} is a martingale with respect to F,, n > 0.

For an integer x, define the stopping time 7, = min{n; S,, = x}, the first time at which the random
walk hits the position z. For integers a < 0 < b, let T'= T, A T, = min(Ty, Tp).

(i) Determine the value of E[Zr| and give your reason.

(ii) Use the result in (i) to show that

where ¢(z) = (1;”)36.

(iii) Consider an appropriate martingale to find E[T].

M. [15 4]

Box A, B, each contains m balls. Among the total 2m balls, m of them are white and the other half
of them are black. In each round, we randomly pick a ball respectively from box A and B, and then

we place the ball taken from box A in box B and place the ball taken from box B in box A.
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Let Xy be the number of white balls in box A at the beginning and X,, the number of white balls
in box A after the n-th round. Then {X,,n > 0} forms a Markov chain with the state space
S ={0,1,2,...,m}. Find the one step transition probabilities p(i,j), 7,j € S, of the Markov chain
{X,,n > 0}.

T, [15 4]

Let (X,,,n > 0) be a Markov chain with state space S. Let x € S be fixed. Let 79 = 0,
Tn = inf{m > 7,_1; X, = z}.
Define N =37 1(x,.—a}-

(i) Prove
P, (1y, < 400) = Pp(11 < 4+00)"

for n > 1.
(ii) Prove that following statements are equivalent.

(a). x is recurrent.

(b). Py(N = 4o00) = 1.

75 [20 53]
Let X = (X,,n > 0) be a Markov chain with state space S and the transition matrix (p(z,v)).
For a € S, define 7, = inf{k > 0; X}, = a}. For a bounded function h on the space S, define the
operator P by

Ph(z) =Y p(z,yhly), =z€S.
yeS

(i) Let {m(x)} be a stationary distribution. Prove that
/ Ph(zx) m(dx) = / h(z) m(dx),
S S

namely

> h@)m(x) =D Ph(x)r(x).

€S €S
(ii) We say that a bounded function h is harmonic at the point z if h(x) = Ph(x). Define h(y) =
Py(1q < 00) for y € S. Prove that h is harmonic at any point z # a.
(iii) Suppose that the Markov chain X is irreducible, i.e., pyy, > 0 for any x,y € S. Let h be a
non-negative bounded harmonic function at every point in the space S. Prove that if h(z) =0

for some point z, then h(y) = 0 for every point y € S.
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