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2
)|x=1 =

1

2
,

∂f

∂y
|M =

d

dy
(
1

y
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∂z
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2
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���þ~e = (1,−2, 2)§ü zµ~e◦ =
(
1
3
,−2

3
, 2
3

)
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���êµ
∂f

∂~e
= ∇f |M · ~e◦ =

1

3
+

ln 2

3
.

2. �z = f(x, y) =

ˆ xy2

1

cos t

t
dt, ¦�©dz.

): dz =
cos(xy2)

x
dx+

2 cos(xy2)

y
dy.

3. ¦�§f ′y(x, y) = sinx+ 2y ÷vf(x, x2) = 1 �)f(x, y).

): éy È©�

f(x, y) =

ˆ
(sinx+ 2y) dy = y sinx+ y2 + C(x).

�\^�f(x, x2) = 1: x2 sinx+ (x2)2 + C(x) = 1 =⇒ C(x) = 1− x2 sinx− x4

¤±f(x, y) = y sinx+ y2 + 1− x2 sinx− x4.

4. �¼êz = f(x − y, g(xy)), Ù¥f k��ëY �ê, g k��ëY�ê,

¦
∂2z

∂x∂y
.

):
∂z

∂x
= f ′1 · 1 + f ′2 · yg′(xy) = f ′1 + yg′(xy)f ′2.

∂2z

∂x∂y
= −f ′′11 + (x− y)g′(xy)f ′′12 + xy[g′(xy)]2f ′′22 + f ′2

[
g′(xy) + xyg′′(xy)

]
5. O�

ˆ 2π

0

xdx

ˆ 2π

x

sin2 y

y2
dy.

): È©«��0 ≤ x ≤ 2π, x ≤ y ≤ 2π§��È©gS�µ

I =

ˆ 2π

0

sin2 y

y2

(ˆ y

0

x dx

)
dy · · · (3©)

=

ˆ 2π

0

sin2 y

y2
· y

2

2
dy =

1

2

ˆ 2π

0

sin2 y dy = 2

ˆ π
2

0

sin2 y dy =
π

2

6. O�

¨
D

xydxdy, Ù¥D´dy = x2Úy = 2x¤�¤�«�.

): I =

ˆ 2

0
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ˆ 2

0

1

2
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�!(�K10 ©) �¼êf(x, y) k��ëY �ê, ÷vf ′2x f
′′
yy − 2f ′xf

′
yf
′′
xy + f ′2y f

′′
xx = 1

�f ′y 6= 0, qy = y(x, z) ´d�§z = f(x, y) ¤(½�¼ê, ¦
∂2y

∂x2
.

): dÛ¼ê¦�§éx ¦ �£z �½¤µ

0 = f ′x + f ′y ·
∂y

∂x
⇒ ∂y

∂x
= −f

′
x

f ′y
.

2éx¦��

f ′′xx + f ′′xy
∂y

∂x
+ (f ′′yx + f ′′yy

∂y

∂x
)
∂y

∂x
+ f ′y

∂2y

∂x2
= 0

∂2y

∂x2
= −f

′′
xx

f ′y
+
f ′xf

′′
xy

f ′2y
+
f ′xf

′′
xy

f ′2y
−
f ′2xf

′′
yy

f ′3y
= −

f ′2yf
′′
xx

f ′3y
+

2f ′xf
′
yfxy

f ′3y
−
f ′2xf

′′
yy

f ′3y
.

d®�^��
∂2y

∂x2
= − 1

f ′3y
. · · · · · · (10©)

n!(�K10 ©) ¦L:(1, 1, 1)����l1 : x =
y

2
=
z

3
, l2 :

x− 2y − 5 = 0

4y − z + 11 = 0
Ñ

�����L, 9L7X¶^=�±¤¤�­¡�§.

): l1 L�:, ��v1 = (1, 2, 3), l2 L:(1,−2, 3), ��v2 = (2, 1, 4).

L(1, 1, 1) ��¹l1 �²¡Π1µ {�~n1 = (1, 1, 1)× (1, 2, 3) = (1,−2, 1),

�§� (x− 1)− 2(y − 1) + (z − 1) = 0

L(1, 1, 1) ��¹l2 �²¡Π2µ {� ~n2 = (0, 3,−2)× (2, 1, 4) = (14,−4,−6),

�§� 7(x− 1)− 2(y − 1)− 3(z − 1) = 0

¤¦��L����§´

x− 2y + z = 0

7x− 2y − 3z = 2

��x� y =
5x− 1

4
, z =

3x− 1

2
¤¦^=¡�§´

y2 + z2 =

(
5x− 1

4

)2

+

(
3x− 1

2

)2

=
61x2 − 34x+ 5

16
.

o! (�K�12 ©) ?Øf(x, y)3:(0, 0)?�ëY5!?¿������ê��35

9��5, Ù¥

f(x, y) =


y arctan

1√
x2 + y2

, x2 + y2 6= 0

0, x2 + y2 = 0.

):(1)�(x, y) 6= (0, 0)§Pr =
√
x2 + y2§K

|f(x, y)| = |y| ·
∣∣∣∣arctan

1

r

∣∣∣∣ ≤ r · π
2
→ 0 (r → 0+),

� lim
(x,y)→(0,0)

f(x, y) = 0 = f(0, 0)§Ïdf 3(0, 0) ëY"

(2) ���~e = (cos θ, sin θ)§K

lim
t→0

f(t cos θ, t sin θ)− 0

t
= lim

t→0
sin θ arctan

1

|t|
=
π

2
sin θ ⇒ ∂f

∂e
=
π

2
sin θ
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(3)

θ = 0�, f ′x(0, 0) = 0, θ =
π

2
�, f ′y(0, 0) =

π

2
.)

-ρ =
√
x2 + y2

lim
ρ→0

f(x, y)− 0 · x− π
2
· y

ρ
= lim

ρ→0

ρ sin θ arctan 1
ρ
− π

2
ρ sin θ

ρ
= 0

¤±f(x, y)− f(0, 0) = f ′x(0, 0)x+ f ′y(0, 0)y + o(ρ), (ρ→ 0),

f(x, y)3(0, 0)��.

Ê!(�K15 ©) ¦¼êf(x, y, z) = ln x+ ln y + 3 ln z 3^�x2 + y2 + z2 = 5r2 (r >

0), x > 0, y > 0, z > 0e����,¿y²é∀ a, b, c > 0kabc3 6 27

(
a+ b+ c

5

)5

.

):�¯K�du¦u = xyz33^�x2 + y2 + z2 = 5r2, x, y, z > 0e����. Ï�¼

êu = xyz33k.48D = {x2 + y2 + z2 = 5r2, x, y, z > 0}þ�½k��, �u ≥ 0.

u3>.þ����", �����½3x, y, z > 0���.

�9Ï¼êF (x, y, z) = xyz3 + λ(x2 + y2 + z2 − 5r2), Kk7:�§|

F ′x = yz3 + 2λx = 0, (1)

F ′y = xz3 + 2λy = 0, (2)

F ′z = 3xyz2 + 2λz = 0, (3)

x2 + y2 + z2 − 5r2 = 0, (4)

ò(1), (2), (3)ª©O¦x, y, z, ,��\, ¿|^(4)�xyz3 = −2λr2, òÙ�\(1),

(2), (3)ª, )�x = y = r, z =
√

3r.

u´umax = 3
√

3r5, K¼êf�����ln(3
√

3r5) = 5 ln r + 3
2

ln 3.

dþ¡�(Øxyz3 6 3
√

3r5 ü>²��x2y2z6 6 27r10. -x2 = a, y2 = b, z2 = c,

Kr2 =
a+ b+ c

5
. l
kx2y2z6 = abc3 6 33r10 = 27

(
a+ b+ c

5

)5

.

8!(�K�10 ©) �¼êf(u, v) äkëY� �ê, �é¢êt > 0 ÷vf(tu, tv) =

t2f(u, v), f(1, 2) = 0, f ′u(1, 2) = 3, ¦4�

lim
x→0

f(x− sinx+ 1,
√

1 + x3 + 1)

x3
.

):ü>ét¦��µ

f(tu, tv) = t2f(u, v) =⇒ uf ′u(tu, tv) + vf ′v(tu, tv) = 2tf(u, v).

duf(u, v)këY �ê§��t = 1�þª¤á§�\:(u, v) = (1, 2)§®�f(1, 2) =

0, f ′u(1, 2) = 3§�f ′v(1, 2) = −3
2
.

|^¼ê3(1, 2)��

f(x−sinx+1,
√

1 + x3+1)−f(1, 2) = f ′u(1, 2)(x−sinx)+f ′u(1, 2)(
√

1 + x3+1−2)+o(ρ)
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Ù¥ρ =
√

(x− sinx)2 + (
√

1 + x3 − 1)2.

|^x→ 0�, x− sinx ∼ 1

6
x3,
√

1 + x3 − 1 ∼ 1

2
x3, Ïd¤¦4�

lim
x→0

f(x− sinx+ 1,
√

1 + x3 + 1)

x3
= lim

x→0

3(x− sinx)− 3
2
(
√

1 + x3 − 1) + o(ρ)

x3
= −1

4
.

Ô!(�K�7 ©) �f(x, y) ≥ 0 3D : x2 + y2 ≤ 1 þkëY��� �ê, �3>.

þ���0, y² ∣∣∣∣¨
D

f(x, y)dxdy

∣∣∣∣ ≤ π

3
max

(x,y)∈D

√(
∂f

∂x

)2

+

(
∂f

∂y

)2

.

y{1µPu(ρ, θ) = f(ρ cos θ, ρ sin θ), M = max
(x,y)∈D

√(
∂f
∂x

)2
+
(
∂f
∂y

)2
.

>.^�f
∣∣
ρ=1

= 0, é?¿�½�θ, dÚîõ4ÙZ]úªk

f(r cos θ, r sin θ) = f(r cos θ, r sin θ)− f(cos θ, sin θ) = −
ˆ 1

r

∂f

∂ρ
dρ.

∣∣∣∣∂f∂ρ
∣∣∣∣ = |(f ′x, f ′y) · (cos θ, sin θ)| ≤

√(
∂f

∂x

)2

+

(
∂f

∂y

)2

� |f(r cos θ, r sin θ)| ≤
ˆ 1

r

∣∣∣∣∂f∂ρ
∣∣∣∣ dρ ≤ ˆ 1

r

Mdρ ≤M(1− r).

u´�­È©��O�∣∣∣∣¨
D

f(x, y) dxdy

∣∣∣∣ =

∣∣∣∣ˆ 2π

0

ˆ 1

0

f(r cos θ, r sin θ) r drdθ

∣∣∣∣
≤
ˆ 2π

0

ˆ 1

0

M(1− r)r drdθ ≤ π

3
M.

y{2µdf3DþkëY�� �ê, ��Mk.. é∀(x, y) ∈ D, d(0, 0)�(x, y)Ú

��, ��±þ:(x0, y0), �f>.þ���", �d¥�½nÚCauchyØ�ª�

f(x, y) = f(x0, y0) + f ′x(ξ, η)(x− x0) + f ′y(ξ, η)(y − y0)

= f ′x(ξ, η)(x− x0) + f ′y(ξ, η)(y − y0) · · · · · · (3 ©)

≤
√
f ′2x (ξ, η) + f ′2y (ξ, η)

√
(x− x0)2 + (y − y0)2 ≤M

(
1−

√
x2 + y2

)
¤± ∣∣∣∣¨

D

f(x, y)dxdy

∣∣∣∣ ≤ ¨
D

|f(x, y)|dxdy ≤M

¨
D

(
1−

√
x2 + y2

)
dxdy

= M

ˆ 2π

0

ˆ 1

0

(1− r)r drdθ ≤ π

3
M.
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