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1. O�­�È©

ˆ
L

(3xy + 4y2 + 5x2)ds, Ù¥L :
x2

4
+
y2

5
= 1, Ù±�� a.

):È©­�'ux, y¶þé¡,

ˆ
L

3xyds = 0.

dÈ©­��§
ˆ
L

(3xy + 4y2 + 5x2)ds =

ˆ
L

4y2 + 5x2ds =

ˆ
L

20ds = 20a.

2. �yÈ©�´»Ã', ¿O�

ˆ (2,2,2)

(1,1,1)

(
1− 1

y
+
y

z

)
dx+

(
x

z
+
x

y2

)
dy − xy

z2
dz .

):(1, 1, 1), (2, 2, 2)31�%�, d«��­¡üëÏ«�,(
1− 1

y
+
y

z

)
dx+

(
x

z
+
x

y2

)
dy − xy

z2
dz

=dx+ (−1

y
dx+

x

y2
dy) + (

y

z
dx+

x

z
dy − xy

z2
dz) = d(x− x

y
+
xy

z
) = dϕ

¤±È©�´»Ã'.

ˆ (2,2,2)

(1,1,1)

(
1− 1

y
+
y

z

)
dx+

(
x

z
+
x

y2

)
dy − xy

z2
dz = ϕ(2, 2, 2)− ϕ(1, 1, 1) = 2.

3. |^EulerÈ©O�È©

ˆ +∞

0

e−2t

√
πt

dt .

):-u = 2t, Kt = u/2, dt = du/2

ˆ +∞

0

e−2t

√
πt
dt =

1√
π
·
√

2

2

ˆ +∞

0

u−1/2e−u du =
1√
π
·
√

2

2
Γ

(
1

2

)
=

1√
2
.

4. �L �|x|+ |y| = 1 ¤�¤���­�, O�

˛
L

xdy − ydx

|x|+ |y|
.

):3L þ|x|+ |y| = 1, ¤±

˛
L

x dy − y dx
|x|+ |y|

=

˛
L

(x dy − y dx).

�È© =

˛
L

(x dy − y dx)
Greenúª

========= 2

¨
|x|+|y|≤1

2dxdy = 4.

�!(�K10 ©) O�­¡È©

¨
S

(xy + yz + zx)dS Ù¥S�I¡z =
√
x2 + y2 �Î

¡x2 + y2 = 2x ¤�eÜ©.

): ­¡'uxOz¡é¡, ¤±

¨
S

(xy + yz)dS = 0.

­¡z =
√
x2 + y2, ÝK«�D : (x− 1)2 + y2 ≤ 1.

zx =
x

x2 + y2
, zy =

y

x2 + y2
, dS =

√
2dxdy,
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�ª =

¨
S

zxdS =

¨
D

x
√
x2 + y2

√
2dxdy =

64

15

√
2.

n!(�K12 ©) ��þ| F = (x− z, x3 + yz, −3xy2), O�­¡È©
¨

Σ

(∇× F ) · ndS,

Ù¥Σ ´I¡z = 2−
√
x2 + y2 3xOy ²¡þ��Ü©, �þý.

){1µ Ö¡Σ1 : z = 0 (x2 + y2 ≤ 4), �eý. Σ + Σ1 �INΩ �>..

¨
Σ+Σ1

(∇× F) · ndS
Gaussúª

=========

˚
Ω

∇ · (∇× F)dV = 0.

∴
¨

Σ

(∇× F) · ndS = −
¨

Σ1

(∇× F) · ndS =

¨
x2+y2≤4

3x2dxdy = 12π.

){2µ|^d÷�dúªr­¡È©z�­�È©.

Σ�xOy²¡���, =Σ�>.�L : x2 + y2 = 4, z = 0, _����
¨

Σ

rotF · dS Stokesúª
=========

˛
L

(x− z)dx+ (x3 + yz)dy − 3xy2dz

=

˛
L

xdx+ x3dy
Greenúª

=========

¨

x2+y2≤4

3x2dxdy = 12π.

o!(�K�14 ©) �f(x) =


π − 1

2
x, 0 ≤ x ≤ 1

π − x
2

, 1 < x ≤ π
.

(1) òf(x)Ðm��u?ê; (2) ¦?ê
∞∑
n=1

(
sinn

n

)2

Ú

∞∑
n=1

sin2 n

n4
�Ú.

): òf(x)Ûòÿ�[−π, π], 2±2π�±Ïòÿ�R.

bn =
2

π

[
π − 1

2

ˆ 1

0

x sin(nx)dx+
1

2

ˆ π

1

(π − x) sin(nx)dx

]
=

1

π

[
(π − 1)

(
−cosn

n
+

sinn

n2

)
+

(
(π − 1) cosn

n
+

sinn

n2

)]
=

sinn

n2

¤±f(x)��u?ê�f(x) ∼
∞∑
n=1

sinn

n2
sin(nx)

dDirchletÂñ½n, f(x)3[0, π]þ©ã1w�ëY, KÙ�u?êÂñug�,

∞∑
n=1

sinn

n2
sin(nx) = f(x), x ∈ [0, π].

�x = 1��
∞∑
n=1

sin2 n

n2
=
π − 1

2
.

dParseval�ª�
∞∑
n=1

sin2 n

n4
=

2

π
· π(π − 1)2

12
=

(π − 1)2

6
.
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Ê!(�K15 ©) (1) �¼êu(x, y, z), v(x, y, z)34«�Ωþk��ëY �ê, y²

‹
S

u
∂v

∂n
dS =

˚
Ω

(u∆v +∇u · ∇v) dV

Ù¥S ´Ω ���>.­¡, n ´S �ü 	{�.

(2) �¼êf(x, y, z) 3«�Ω = {(x, y, z) | x2 + y2 + z2 ≤ 1} þk��ëY �ê, �

÷v

4f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
= x2 + y2 + z2.

O�n­È©

I =

˚
Ω

(
x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z

)
dV.

): (1) dGaussúª

‹
S

u
∂v

∂n
dS =

‹
S

u∇v · ndS =

˚
V

∇ · (u∇v)dV =

˚
Ω

(u∆v +∇u · ∇v) dV

(2) �u =
1

2
(x2 + y2 + z2), K∇u = (x, y, z), �d£1¤�(Ø

I =

˚
Ω

(
x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z

)
dV =

˚
Ω

∇u · ∇fdV =

‹
S

u
∂f

∂n
dS −

˚
Ω

u∆fdV

=
1

2

‹
S

∂f

∂n
dS − 1

2

˚
Ω

(x2 + y2 + z2)2dV

2|^Gaussúª9¥�IC���

I =
1

2

˚
Ω

∆f − (x2 + y2 + z2)2dV =
1

2

ˆ 2π

0

dϕ

ˆ π

0

dθ

ˆ 1

0

(r2 − r4)r2 sin θdr =
4

35
π.

8!(�K�15 ©) �F (t) =

ˆ +∞

1

arctan(tx)

x2
√
x2 − 1

dx.

(1) y²é?Ût È©Âñ, ���; (2) O�F ′(t) 9F (t).

):(1) x = 1 �×:, F (t) =

(ˆ 2

1

+

ˆ +∞

2

)
arctan tx

x2
√
x2 − 1

dx. du| arctan(tx)| ≤ π
2
,

x→ 1+�,
1

x2
√
x2 − 1

∼ 1√
2(x− 1)

,×È©

ˆ 2

1

arctan tx

x2
√
x2 − 1

dxÂñ.

x→ +∞�,
∣∣∣∣ 1

x2
√
x2 − 1

∣∣∣∣ ≤ 1

x3
,Ã¡È©

ˆ +∞

2

arctan tx

x2
√
x2 − 1

dxÂñ.

¤±é?¿t ∈ R È©þÂñ.

P f(x, t) =
arctan(tx)

x2
√
x2 − 1

,
∂f

∂t
=

1

x(1 + t2x2)
√
x2 − 1

.duf(x, t), f ′t(x, t)3[1,+∞)×

(−∞,+∞) þëY;

ˆ +∞

1

f(x, t)dx é?¿t Âñ; é?¿t ∈ R,

∣∣∣∣∂f∂t
∣∣∣∣ ≤ 1

x
√
x2 − 1

,

�

ˆ +∞

1

1

x
√
x2 − 1

dx =
π

2
Âñ, d��dA.d�O{,

ˆ +∞

1

∂f

∂t
dx3(−∞,+∞)þ
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��Âñ. ¤±F (t)3(−∞,+∞) S��, ��È©e¦�.

(2) F ′(t) =

ˆ +∞

1

dx

x(1 + t2x2)
√
x2 − 1

x=secu
======

ˆ π
2

0

du

1 + t2 sec2 u

v=tanu
======

ˆ +∞

0

dv

(1 + v2)[1 + t2(1 + v2)]
=

ˆ +∞

0

(
1

1 + v2
− t2

[1 + t2(1 + v2)]

)
dv

=
π

2

(
1− |t|√

1 + t2

)

F (t) �Û¼ê, F (0) = 0. È©�F (t) =

π
2

(
t+ 1−

√
1 + t2

)
, t ≥ 0

π
2

(
t− 1 +

√
1 + t2

)
, t < 0.

Ô!(�K�10 ©) �D ´²¡k.«�, >.∂D ©ã1w, f(x, y), ϕ(x, y) 3D þ

k��ëY �ê, �÷v

∆f − 2∇ϕ · ∇f = f (x, y) ∈ D.

(1) �w(x, y) 3D þk��ëY �ê, �w(x, y) > 0, O�∇ · (wf∇f), ¿¦Ñ¦

∇ · (wf∇f) = w
(
|∇f |2 + f 2

)
¤á�w(x, y) .

(2) y²: �f(x, y) 3∂D ð�0 �, K§3D S�ð�0.

):(1) ∇ ·
(
wf∇f

)
= w|∇f |2 + f ∇w · ∇f + wf∆f.

'�K¥�ª� wf∆f + f ∇w · ∇f = wf 2. ò��§�\þªµ

wf
(
f + 2∇ϕ · ∇f

)
+ f ∇w · ∇f = wf 2

ù�éK¥¤¦w(x, y)��÷v

∇w + 2w∇ϕ = 0 =⇒ ∇(lnw) = −2∇ϕ

)� w(x, y) = Ce−2ϕ(x,y). d^�w(x, y) > 0, KC > 0.

(2) d®�^�9(1) �(Ø, |^��úª

0 =

˛
∂D

wf∇f · n ds =

¨
D

∇ ·
(
wf∇f

)
dxdy =

¨
D

w
(
|∇f |2 + f 2

)
dxdy

duw > 0, �|∇f |2 ≥ 0, f 2 ≥ 0, ��È¼êw
(
|∇f |2 + f 2

)
≥ 0 �D þ�KëY¼

ê, �KëY¼ê3k.«�þÈ©�u", 7k

w
(
|∇f |2 + f 2

)
≡ 0, (x, y) ∈ D.

|∇f |2 + f 2 ≡ 0 =⇒ f ≡ 0, ∇f ≡ 0. Ïd3D Skf ≡ 0.
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