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���!!!(10©©©) ¦�ê 1274 Ú 546 ���úÏf§¿¦Ñ���gØ½�§

1274x+ 546y = (1274, 546)

�¤k�ê)"

Proof. ¦^îAp��{µ

1274 = 2× 546 + 182

546 = 3× 182 + 0

¤±(1274, 546) = 182"

£�µ

182 = 1274− 2× 546

¤±x = 1, y = −2"Ïd§���gØ½�§

1274x+ 546y = (1274, 546)

�¤k�ê)� x = 1 + 3t

y = −2− 7t

Ù¥ t ∈ Z �?¿�ê"

���!!!���äääKKK(20©©©) �ä�Ø§¿{�`²nd

1 of 8



1). �Xêõ�ª f(x) = x4 + 4 3knê�þØ��"

2). � p ��ê, n ���ê§K� pn �3��"

3). e p ��ê�Ó{�§ x2 ≡ 2 (mod p) k)§K p ≡ ±1 (mod 8)"

4). ��ê p ≡ 17(mod 24), K p ØU�¤ x2 + 6y2 �/ªÚ§Ù¥ x, y ��ê"

1. ���ØØØ

ndµx4 + 4 = (x2 + 2x+ 2)(x2 − 2x+ 2)§Ïd3knê�þ��"

2. ���ØØØ

ndµ� p = 2, n ≥ 3 ���ê§K� 2n Ø�3��"Ø�� n = 3§� 8 � X

� {1, 3, 5, 7}, Ù����©O� 1, 2, 2, 2, Ïd� 23 Ø�3��"

3. ���ØØØ

ndµd�gp�Æ§
(
2
p

)
= (−1)

p2−1
8 §�p ≡ ±1 (mod 8) �§p2−1

8 �óê§

�
(
2
p

)
= 1"�´Ø��§� p = 2 �Ó{�§ x2 ≡ 2 (mod p) k)"

4. ���(((

ndµ�y§b��ê p = x2 + 6y2§´� x, y ØU� p �Ø§d�gp�Æ��

1 =

(
x2

p

)
=

(
−6y2

p

)
=

(
−6

p

)
=

(
2

p

)(
−1

p

)(
3

p

)
=

(
2

p

)(
−1

p

)(
p

3

)
· (−1)

3−1
2

× p−1
2 =

(
2

p

)(
p

3

)
.

� p ≡ 17(mod 24), Kk p ≡ 1(mod 8) Ú p ≡ 2(mod 3)"Ïd§(
2

p

)(
p

3

)
= 1× (−1) = −1.

gñ�

nnn!!!£££15©©©¤¤¤ ¦)�gÓ{�§|µ
x ≡ 2 (mod 5)

3x ≡ 1 (mod 7)

2x ≡ 3 (mod 11)
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Proof. z{�§|µ 
x ≡ 2 (mod 5)

3x ≡ 1 (mod 7)⇒ x ≡ 5 (mod 7)

2x ≡ 3 (mod 11)⇒ x ≡ 7 (mod 11)

)cü��§µx = 2 + 5t ≡ 5 (mod 7)

2 + 5t ≡ 5 (mod 7)⇒ 5t ≡ 3 (mod 7)⇒ t ≡ 2 (mod 7)

¤±t = 2 + 7s§x = 2 + 5(2 + 7s) = 12 + 35s

2�1n��§éáµ12 + 35s ≡ 7 (mod 11)

1 + 2s ≡ 7 (mod 11)⇒ 2s ≡ 6 (mod 11)⇒ s ≡ 3 (mod 11)

¤±s = 3 + 11k§x = 12 + 35(3 + 11k) = 117 + 385k

)�µx ≡ 117 (mod 385)

ooo!!!(15©©©)� f(x) = x4 + x3 + x2 + x+ 1 ´�Xêõ�ª§

1). y² f(x) � Z[x] ¥Ø��õ�ª"

2). f(x) �� 3 �zõ�ª3 F3[x] ¥��íº��oº(F3 = Z3 n�k��)

3). 81 �k��´Ä�3§½ö`TÐ¹ 81 ������´Ä�3º�3�{

��E��§Ø�3�{�`²nd"

Proof. 1). �Ä f(x + 1) =
(x+1)5−1
(x+1)−1

= x4 + 5x3 + 10x2 + 10x + 5§é p = 5 |^MÜ

d"�O{� f(x+ 1) 3 Z[x] ¥Ø��§Ïd f(x) 3 Z[x] ¥Ø��"

2). f(x) �� 3 �zõ�ª3 f̄(x) ∈ F3[x] ¥Ø��"Ï� f̄(0̄) = 1̄, f̄(1̄) =

2̄, f̄(2̄) = 1̄, ¤± f̄(x) vk�gØ��Ïf"F3[x] ¥�gØ��õ�ªk

x2 + 1̄, x2 + x+ 2̄, x2 + 2x+ 2̄.

d�{Ø{§��

f̄(x) = (x2 + 1̄)(x2 + x) + 1̄,

f̄(x) = (x2 + x+ 2̄)(x2 + 2̄) + 2̄x,

f̄(x) = (x2 + 2x+ 2̄)(x2 + 2̄x+ 1̄) + (x+ 2̄).

Ïd§F3[x] Ã�gØ��Ïf"
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3). 81 �k���3§���

F3[x]/(f̄(x))F3[x] = {a0 + a1x+ a2x
2 + a3x

3 + (f̄(x))F3[x] : a0, a1, a2, a3 ∈ F3}.

ÊÊÊ!!!(10©©©)� m,n ���ê§¦EXêõ�ª xm − 1, xn − 1 ∈ C[x] ���úÏ

f (xm − 1, xn − 1)"

Proof. Ø�� n ≥ m, d�{Ø{�3�ê q, r ¦� n = mq + r§Ù¥0 ≤ r < d, K

xn − 1 = xmq+r − 1 = xr[(xm)q − 1] + (xr − 1).

Ïd§ (xm − 1, xn − 1) = (xn − 1, xr − 1). |^îAp��{½Î=�Ø{§��

(xm − 1, xn − 1) = x(m,n) − 1.

888!!!õõõ���ªªª¥¥¥���²²²���ÚÚÚ¯̄̄KKK£££10©©©¤¤¤

1). � f(x) ∈ R[x] �¢Xêõ�ª"y²: é?¿ c ∈ R k f(c) ≥ 0 ��=�

�3¢Xêõ�ª g(x) Ú h(x) ¦�

f(x) = (g(x))2 + (h(x))2.

2). Eê¥vk��Vg§þã(ØÃ{L¡í2",
�y²µ3EXêõ�

ª� C[x] ¥§?¿õ�ª f(x) þ�L«�ü�EXêõ�ª�²�Ú"

Proof. (1)�Äf(x) �IO©)ª:

f(x) = aϕ(x)ψ(x),

Ù¥a ∈ R§

ϕ(x) = (x− a1)k1(x− a2)k2 · · · (x− as)ks ,

ψ(x) =

t∏
j=1

(x2 + pjx+ qj)
rj ,
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ùp§k1, k2, · · · , ks, r1, r2, · · · , rt ´��ê§
p2j − 4qj < 0, 1 ≤ j ≤ t"duψ(x)vk

¢�§
¢Xêõ�ª�E�7¤éÑy§¤±�3õ�ªψ1(x), ψ2(x) ∈ R[x]§¦

�

ψ(x) = [ψ1(x) + iψ2(x)][ψ1(x)− iψ2(x)] = [ψ1(x)]2 + [ψ2(x)]2.

éuϕ(x)§Ø��a1 < a2 < · · · < as§eyk1, k2, · · · , ks þ�óê"b�,�ki ´

Ûê§Kx 3ai �NCCz�f(x) CÒ§�f(c) ≥ 0 é��c ∈ R ¤á§gñ"u
´ϕ(x) = [ϕ1(x)]2§Ù¥

ϕ1(x) = (x− a1)
k1
2 (x− a2)

k2
2 · · · (x− as)

ks
2 ∈ R[x].

2dK�^�§f(c) ≥ 0 é��c ∈ R ¤á§��a ≥ 0"Ïd§k

f(x) = (g(x))2 + (h(x))2,

Ù¥

g(x) =
√
aϕ1(x)ψ1(x), h(x) =

√
aϕ1(x)ψ2(x) ∈ R[x].

(2)�f(x) ∈ C[x] ´?¿õ�ª"½Âµ

g(x) =
1 + f(x)

2
, h(x) =

1− f(x)

2i

Kg(x) Úh(x) Ñ´EXêõ�ª§���O���µ

g(x)2 + h(x)2 =

(
1 + f(x)

2

)2

+

(
1− f(x)

2i

)2

=
(1 + f(x))2

4
+

(1− f(x))2

−4
(Ï�i2 = −1)

=
(1 + f(x))2 − (1− f(x))2

4

=
4f(x)

4
= f(x)

Ïd§f(x) = g(x)2 + h(x)2"

ÔÔÔ!!!��� pq ������ggg���{{{(20©©©) � p, q �ØÓ�Û�ê§n = pq§Ú\ä�'ÎÒ(
a

n

)
:=

(
a

p

)(
a

q

)
,

Ù¥mý�
(
a
p

)
Ú
(
a
q

)
�V4�ÎÒ"
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1). y²µe
(
a
n

)
= −1§K a Ø´� n ��g�{"

2). Þ~`²µ�3�ê a ÷v
(
a
n

)
= 1§� a Ø´� n ��g�{"

3). þ�¯`²ä�'ÎÒ¿Ø´�OÜê��g�{��(ÎÒ"��Ñ a �

� n �g�{��OOK(¿�^�)§¿�Ñy²"

4). y² (−1

n

)
= (−1)

n−1
2 ,

(
2

n

)
= (−1)

n2−1
8 .

5). � P = p1p2 · · · ps , í2ä�'ÎÒ(
a

P

)
:=

(
a

p1

)(
a

p2

)
· · ·
(
a

ps

)
.

�Ûê P ≥ 3 ÚÛê Q ≥ 3, � (P,Q) = 1, Kk±ep�Æ¤á(
Q

P

)(
P

Q

)
= (−1)(P−1)/2·(Q−1)/2.

Proof. (1)

e
(
a
n

)
= −1§K

(
a
p

)
�
(
a
q

)
¥��k���−1"

e
(
a
p

)
= −1§Ka 3�p eØ´�g�{¶e

(
a
q

)
= −1§Ka 3�q eØ´�g

�{"

Ïda 3�p ½�q eØ´�g�{§l
Ø�U´�n ��g�{"

(2)

�p = 3, q = 5, n = 15"�Äa = 2µ

O�V4�ÎÒµ (
2

3

)
= −1,

(
2

5

)
= −1

Ïdä�'ÎÒµ (
2

15

)
=
(

2

3

)(
2

5

)
= (−1)× (−1) = 1

�2 Ø´�15 ��g�{§Ï�µ

• �3 ��g�{�{1}§2 6≡ 1 (mod 3)

• �5 ��g�{�{1, 4}§2 6≡ 1, 4 (mod 5)
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¤±2 3�3 Ú�5 eÑØ´�g�{§l
Ø�U´�15 ��g�{"

(3)

a´�n = pq��g�{��=�
(
a
p

)
=
(
a
p

)
= 1"

ea ´�n ��g�{§K�3x ¦�

x2 ≡ a (mod n)

dup | n§kx2 ≡ a (mod p)§¤±
(
a
p

)
= 1"Ón

(
a
q

)
= 1"

e
(
a
p

)
= 1 �

(
a
q

)
= 1§K�3u, v ¦�

u2 ≡ a (mod p), v2 ≡ a (mod q)

d¥I�{½n§�3x Ó�÷v

x ≡ u (mod p), x ≡ v (mod q)

Kx2 ≡ a (mod p) �x2 ≡ a (mod q)§l
x2 ≡ a (mod n)"

Ïda ´�n ��g�{"

(4)

d n = pq �� n− 1 = (p− 1) + (q − 1) + (p− 1)(q − 1), l


n− 1

2
≡ p− 1

2
+
q − 1

2
(mod 2),

n2 − 1

8
≡ p2 − 1

8
+
q2 − 1

8
(mod 8).

Ïd§k (−1

n

)
=

(
−1

p

)(
−1

q

)
= (−1)

p−1
2 (−1)

q−1
2 = (−1)

n−1
2

±9 (
2

n

)
= (−1)

p2−1
8 (−1)

q2−1
8 = (−1)

n2−1
8 .

(5) -Q = q1q2 · · · qr. dä�'ÎÒ�½Â9�g�{V4�ÎÒ��gp�Æ
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� (
Q

P

)
=

s∏
j=1

(
Q

pj

)
=

s∏
j=1

r∏
i=1

(
qi
pj

)

=

s∏
j=1

r∏
i=1

(
pj
qi

)
(−1)

pj−1

2
· qi−1

2

=

(
P

Q

) s∏
j=1

r∏
i=1

(−1)
pj−1

2
· qi−1

2

=

(
P

Q

) s∏
j=1

(−1)
pj−1

2
·
∑r

i=1

qi−1

2 .

d(4)9êÆ8B{�

r∑
i=1

qi − 1

2
≡ Q− 1

2
(mod 2).

Ïd§ (
Q

P

)
=

(
P

Q

) s∏
j=1

(−1)
pj−1

2
·Q−1

2 .

=

(
P

Q

)
(−1)

∑s
j=1

pj−1

2
·Q−1

2

=

(
P

Q

)
(−1)

P−1
2

·Q−1
2

d P,Q p�§�
(
Q
P

)
= ±1. Ïd§(
Q

P

)(
P

Q

)
= (−1)(P−1)/2·(Q−1)/2.

8 of 8


