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H G TS, R 2R, FRE S AT RS AN

AH 1. T o 3k F MEHASE X € F, E1X| <oo, ZIEFFLEL o(x), #THM
E[p(X)] = Elp(E[X]F])],

IEH]
E[p(X)|F] = ¢(E[X|F]).

(P27 ARATLAGE] Jensen A2E3K)

WH 2. FREAP A BIEEIAR R { X}, o5 {9 = Yopoo X HRT—Hk o 35
{Foon > 0 9B, W
= B[Y° X7
k=0

BH 3. {X,} A—FIMSr RN R, WE P(X,=-1)=1,P(X,=1)=1%
Fo=0(Xy,..., X)) HBERIER; R EEXFREEATE S, =D ry Xk, So = 0 FIEHS
T Ve ET < oo, {IEHA:

(i) {S2 — n} RXT F,

(ii) ET = E[S2]

(iii) E[Sr] =0
WH 4. {X,} ok Markov 8, ¥#BEEN (p(r,y); id p"(z,y) = P(Xn = y),
T, = 1nf{k: > 0; Xy =z}, f"(x,y) = P(T, =n), IEH

= Zf’“(x,y)p””“(y,y)-

WH 5. {X,)} 2RSS, S 1 Markov 4%, BREEHR (p(x,y)); X acS, it
=inf{k; Xy = a}; F,=0(X1,..., X)) WERIER: T a>0, WHEAFREE
FeREL b BEFRAE - LRI %L (a-superharmonic function)

> p(a,y)h(y) < e*h(x)

yes

WEWT: (1) X - LIWRIEREL A(y), {e™*"h(X0)} KT Fu BB
(if) T a- BN A(y), L p"(2,y) = P(Xa=y), A

> P (@ y)hly) < e"h(w)

yes

(iii) h(y) = Eyle™*™] N a- LIFIREL.



WH 6. {X,} 2RSS S By Markov 48, ¥R (p(v,y)); A EH o
m(y), UEH:
)

1

> M y)m(x) = ()

€S

(il) 42k p A2y, WXHMEER v € S A 7(x) >0
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[10 431
Let F be a o-field. Let X be a bounded random variable and 9 a convex function.
Prove that if B[(X)] = E [¢ (E[X|F])], then

Bl (X)|F] =4 (BIX|F]).
(You may use Jensen’s inequality.)

[15 21

Let {Xn}n>0 be a sequence of square integrable random variables.
Suppose {Sn = D> k_o Xk}np0 is a martingale w.r.t. a family of o-fields Fpn,n > 0.

Prove

E[S;] = E[Y_ Xi)-

k=0
125 431

Let {Xn}n>o be iid. random variables with P(X; = 1) = P(X; = —1) = 3. {Sa}nz0
denotes the simple symmetric random walk, i.e. S, = X1+ Xo+---+ X, with 5o = 0.
Introduce the o-fields F,, = o(Xu, ..., Xs) for n > 1. Let T' be a stopping time with
E[T] < oo.

(i) Prove that {S2 — n,n > 1} is a martingale.
(i) Prove that E[T] = E[S2].
(iii) Prove that E[Sr] = 0.
[10 431 Let (Xa,n > 0) be a Markov chain with state space S. Let T, = inf{m >
1; X =y} and f¥(z,y) = Po(T, = k). Recall p*(z,y) = Pz(X, = y). Show that
forn2>1, .

p"(z,9) = 9" *(y,9)-

k=1

BIW, 21
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Let (Xn,n > 0) be a Markov chain with state space S and the transition matrix
(p(z,y)). For a € S, define 7, = inf{k > 0; Xy = a}. For a > 0, we say that a

bounded function h is a-superharmonic if for any z € 5,
> p(@,9)h(y) < e*h(a).
]

(i) If a function h is a-superharmonic, prove that under F,, {e7*™h(Xn)}n>0 is 2
supermartingale with respect to {F, = o(Xj, k < n)}n0, where p is the distribution
of Xo.

(if) If a function h is a-superharmonic, prove
> 0 (z,y)h(y) < e h(2),
y

where p*(z,y) = Py(Xn = y) is the n-steps transition probabilities.

(iii) Define A(y) = Ey[e~*™] for y € S. Prove that h is a-superharmonic.

[15 43

Let (X,,n > 0) be a Markov chain with state space S and transition matrix (p(z, y)).
Recall p*(z,y) = Po(Xn =¥). Let {m(z)} be a stationary distribution.

(i) Prove

> m(z)p"(z,y) = 7(y).

z€eS

(ii) If the Markov chain is irreducible, prove that 7(y) > 0 for y € S.
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