Exam 2 for Differential Equations

May 24, 2025

v always stands for the outward unit normal vector on the boundary, and U, () is always
a bounded domain in R".

1.(Sobolev space)

(a)(10 Marks) Suppose |log |z||* € WLQ(B%(O)), B1(0) € R?%. Show the range of a.

(b)(10 Marks) Suppose u € W,*(U),U is an open bounded domain in R". Prove that ut €
W *(U),

(242 —¢,if 220 )
0 if 2<0

2.(Morrey inequality)Let u € C'(R"), prove the Morrey inequality in the following two steps:
(a) (10 Marks) - [i. (@) —u()ldy < C(n) [5,,) neardy

(b)(10 Marks) [u]ce(rr) + \u|Loo (rm) < C(n)]|ul[wre(rn), where p>n, a =1-12.
3.(20 Marks)Consider the equation

(hint:ut = lim._,o F, (u) , F. (2) :=

—Au=finUCR" feL*U)
ue Wy(U)

Using the method of minimizing sequence to prove the existence(15 Marks) and uniqueness(5 Marks)
of the weak solution.

4.(Fredholm alternative)Suppose U = [0, 1] x [0, 2].

(a)(10 marks) Consider the eigenvalue problem:

Aut+du=0 in U
u=0 on OU

Find the eigenvalues A\, and the corresponding eigenfunctions uy.
(b)(10 marks) Consider the equation:

Au + 2T u—2x+y+a U
u=20 on oU

For which a € R does this equation exist at least one solution ?
5.(a)(10 marks)Suppose U C R™ a bounded domain,Ur := U x (0, T, f € C* (Ur) ,u € C? (Ur)N
=Au+ f(z,t) ,in Ur
C (U_T) solves the following equation: < u|;—g = ¢
uloy = ¢
Prove that|u| < C in Up,whereC ~ |f|o1, 9] 0 5 €] 1

1



(b)(10 marks) Suppose R > 0,p > 0, f € C* (Ug,),Ug, = {(z,t) : 2> + |t| < (R+p)*,t > 0}
Ur = {(z,t) : [2]* + [t| < R*,t > 0},u € C} (Ug,) N C (Ug,)solves the following equation:

w = Au—+ f(x,t) ,in Ug,

uli=o = g

u|aU =0
Prove that 3C ~ | f|o1, 9] » 5.t |Du| < Cin Ug
(hint:p = €2 |Dul® + au? + eP*1 where € = (R + p)° — |z]? — |t])
6.(a)(10 marks)(Moser iteration) Suppose a;;(z) € L®(Bg(0)), M&|* < ai(2)&& < A€
Consider the equation:

— > (a;(x)u;); =0 ,in  Bgr(0)

1,

u=0 ,on 0Bg(0)

Assume u > 0, u € C*°(Bg(0)) is a weak solution of this equation. Prove that for any p > 1, 6 €

(0,1), we have:
n-2 1
(/ unn—p2dx> ’ < C(/ updx)p
Bor Br
and give the expression of C.

(b)(10 marks) Suppose a;;(z) € CH(Q), ,f € L*(Q), N¢|* < a;j(2)&E < AlE]2. Consider the
equation:

=2 (ag(x)w); = f in Q

u=>0 yon  0S)

Assume u € H}(Q) is a weak solution of this equation. For any subset V' CC €, prove that:
ue H*(V) and

/ | D?u|?*dz < C’/(f2 +u?)dx
1% Q
where C' ~ V, Q) coefficients of L.



