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First Exam for PDE

April 13, 2025

v always stands for the unit outward normal vector on the boundary, and U is always
a bounded C' domain in R".
1.(Sobolev space)
(a)(10 Marks) Suppose B;(0) C R", for what values of & does |z|* € W2(B;(0))?
(b)(10 Marks) Denote 2 = {(z,y) : 0 < z < 1,0 < y < 22}, p > 6. Then for what values of o
does v(z,y) = z* € Wh2(Q)\L*(Q)?
2.(Integration by parts)
(a)(10 Marks) Consider
Au=f ae inU

where u € W*(U), f € L*(U). Prove that: for any V € U, we have [, |Vul*dz < C [, (u*+ f?)dz,
where C depends only on n, dist(V, 8U).

Hint: Multiply u&2.

(b) (10 Marks) Suppose a € R and u € C?(R") be a positive solution to Au + u* = 0 in R™.
Denote 7 € C§°(B2r(0)) such that 7 = 1in Br(0),0<n < 1land |[Vn| < <. Foranya €R, p > 4,
prove that

C.
/'U,a+2a7]pd$ < Cl/u"_2|Vu|4npd:c+ Ei/ua+2np—4d$

where Ci, Cy depends only on n,a, o, p.
Hint: Multiply u®ten?.
3.(Properties of harmonic function)
Suppose u € C*°(Bp) is a solution to Au = 0 in Br C R™.
(a)(10 Marks) Prove that sup |Du| < Sz sup |ul.
Bg Br
(b)(10 Marks) Assume additionally u > 0 in Bg, prove that sup |Vlogu| < .
R

(c)(10 Marks) Consider equation

Au(z,y) = zy in B;(0) C R?
u =0 on 0B;(0)

. Compute u(0).

4.(Strong maximum principle) B
(a)(5 Marks) Suppose u € C%2(U) N C*(U) is a solution to

Au=-2inU
u=0onoU
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Prove that v > 0 in U and % < 0on dU.
(b)(10 Marks) Suppose Q C R? is a connected domain and u € C*(f2) satisfies Au = f > 0 in
QC R If f € C*(Q) and 3 is convex, prove that Rank(D?u) = Constant in Q.

5.(C° estimate)
(a)(10 Marks) Suppose u € C%(U) N C(U) is a solution to

Au=finUCR"
u=¢ on U

where f € C(U), ¢ € C(OU). Prove that sup |u| < sup |¢| + %sup |f|, where d = diam(U).
0 oU o
(b)(5 Marks) Suppose u € C2(U) N C*(¥) is a solution to

Au=0inU
% — —u+¢ondU

where ¢ € C(U). Prove sup |u| < sup|d|.
0 auU
0 Marks) Suppose u € C*(U) N C*(U) is a solution to

Au= finU
N = —u+¢ondU

where f € C(U), ¢ € C(0U). Prove sup |u| < S;lp || + %sup |f|, where d = diam(U).
U U U

6.(C! estimate)
Remark: Select one question from (b) and (c) to answer!!
Suppose u € C3(U) N C*(U) is a solution to

Au=finU
u=0on U

where f € CY(U).
(a)(10 Marks) Prove that
sup |Vu| < C(1 4 sup |Vu|),
T U

where C depends only on n, | f|c1 (@), diam(U).
Hint: Consider ¢ = |Vu|? + au?® + f|z|>.

Cn (b)(Optional:10 Marks) For any V' € U, prove that

sup |Vu| < C,
v

where C' depends only on n, | f|c1(g), dist(V, 0U).

Hint: Consider ¢ = £2|Vu|? + au® + B|z|>.

(c)(Optional:10 Marks) Assume additionally that U satisfies the uniform exterior sphere prop-
erty. Prove that S;.l(}) |Vu| < C, where C depends only on n, | f|c1(g), U.
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