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�!(z�K6©, �48©)O�e��K.

(1) ^4�½ÂO� lim
x→1

x2.

y²µ∀ε > 0, �δ = min{1, 1
3
ε},K�0 < |x− 1| < δ�§|x2 − 1| = |x− 1| · |x+

1| < 3δ ≤ ε. �lim
x→1

x2 = 1.

(2) ¦ lim
n→∞

(
1 +

2

n
+

3

n2

)n

.

)µ�ª= e
lim

n→∞
n ln(1+ 2

n
+ 3

n2 ) = e
lim

n→∞
n( 2

n
+ 3

n2 ) = e2.

(3) lim
n→∞

(2n + 3n + 5n)
1
n .

)µ(5n)
1
n < (2n + 3n + 5n)

1
n < (3 · 5n) 1

n ⇒ lim
n→∞

(2n + 3n + 5n)
1
n = 5.

(4) lim
x→0

(
1

x2
− 1

sin2 x

)
.

)µ�ª= lim
x→0

sin2 x− x2

x2 sin2 x
= lim

x→0

(
x− 1

6
x3 + o(x3)

)2 − x2

x4
= lim

x→0

−1
3
x4 + o(x4)

x4
=

−1

3
.

(5) lim
x→1

x− xx

1− x+ lnx
.

)µ�ª= lim
x→1

1−xx(lnx+1)

−1+ 1
x

= lim
x→1

xx· 1
x
+(lnx+1)2·xx

1
x2

= 2.

(6) ¦ëê­�

 x = t2

y = 2t3
þ:(

1

4
,
1

4
)?������I�§.

)µ:(
1

4
,
1

4
)éAëêt =

1

2
, ���Ç�

dy

dx

∣∣∣t= 1
2
=

(2t3)′

(t2)′

∣∣∣t= 1
2
= 3t

∣∣∣t= 1
2
=

3

2
. �

���§�y =
3

2
x− 1

8
.

(7) ¦(x2ex)(20).

)µ�ª= C0
20x

2 · (ex)(20) + C1
20(x

2)(1) · (ex)(19) + C2
20(x

2)(2) · (ex)(18) = ex(x2 +

40x+ 380).

(8) f(x) =


π

2
+ ln(1 + sinx), x ≤ 0

2 arctan(ex), x > 0
, ¦f ′(x).

)µ�x < 0�§f ′(x) =
cos x

1 + sin x
; �x > 0�§f ′(x) =

2ex

1 + e2x
; �x =

0�,f ′
−(0) = lim

x→0−

f(x)− f(0)

x− 0
= lim

x→0−

ln(1 + sin x)

x
= 1; f ′

+(0) = lim
x→0+

f(x)− f(0)

x− 0
=

lim
x→0+

2 arctan(ex)− π
2

x
= 1, �f ′(0) = 1. nþ, f ′(x) =

 cosx
1+sinx

, x ≤ 0

2ex

1+e2x
, x > 0

.

5µ){Ø��¶eO�g´�((J�Ø,ïÆV��©.

1



�!(8©) ¦f(x) = 3
√

sin(x3)��Peano{��7�Maclaurinúª§¿¦f (7)(0).

)µx → 0�§sin(x3) = x3 − x9

6
+ o(x9),

f(x) = (x3)
1
3 ·

(
1− x6

6
+ o(x6)

) 1
3
= x ·

(
1− x6

18
+ o(x6)

)
= x− x7

18
+ o(x7). (6©)

f (7)(0) = 7! · (− 1
18
) = −280. (8©)

n!(8©) �¼êf(x) =

 x2 sin 1
x
, x < 0

ax+ b, x ≥ 0
.

(1) (½a, b, ¦�f(x)3Rþ��;

(2) �f(x)3Rþ���§©ÛÙ�¼ê�ëY5§Xkmä:�²Ùa..

): (1)duf(x)3x > 0Úx < 0�þ�Ð�¼ê,Ñ´���,��I?Øx = 0?��

�5.df(x)3x = 0?ëY�f(0) = b = lim
x→0−

f(x) = lim
x→0−

x2 sin 1
x
= 0; (2©)

2df(x)3x = 0?���f
′
+(0) = f

′
−(0),=

lim
x→0+

f(x)− f(0)

x− 0
= a = lim

x→0−

x2 sin 1
x
− 0

x− 0
= lim

x→0−
x sin

1

x
= 0.

��a = 0, b = 0�,f(x)3Rþ��. (4©)

(2) d(1)�f ′(0) = 0, �f ′(x) =

 2x sin 1
x
− cos 1

x
, x < 0

0, x ≥ 0
. (6©)

du lim
x→0−

f ′(x)Ø�3§�x = 0´f ′(x)�1�amä:§f ′(x)3Ù§:?ëY. (8©)

o!(10©) ®�¼ê f(x) = 2x3 − 3x2
(
x ∈ [−2, 2]

)
.

(1) ¦f(x)�üN«m!]à«m;

(2) ¦f(x)���.

)µ(1)f ′(x) = 6x(x− 1),�f(x)3[−2, 0]Ú[1, 2]þüN4O,3[0, 1]þüN4~. (3©)

qf ′′(x) = 6(2x− 1),�f(x)3[−2,
1

2
]þ],3[

1

2
, 2]þà. (6©)

(2) d(1)¥©Û�x = 0�4��:,x = 1�4��:¶��3{f(−2) = −28, f(0) =

0, f(1) = −1, f(2) = 4}¥��,�¼ê����4, ����−28. (10©)

Ê!(8©)¼êf(x)3[−1, 1]þëY,(−1, 1)S��,� f(−1) = f(1). y²µ�3 ξ ∈

(−1, 1) ¦� ξf(ξ) + f ′(ξ) = 0 .

y²µ-F (x) = f(x) · e 1
2
x2
,KF (−1) = F (1). (4©)

dRolle¥�½n,�3 ξ ∈ (−1, 1) ¦�F ′(ξ) = 0,�\=� ξf(ξ) + f ′(ξ) = 0 . (8©)

8!(10©) � f(x)3[0, 1]þëY,3(0, 1)S��, f(0) = f(1) = 0 �f(x)Øð� 0.

PM = max
0≤x≤1

|f(x)|.
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(1) y²µ�3ξ ∈ (0, 1), ¦�|f ′(ξ)| ≥ 2M ;

(2) ?�Úy², �3η ∈ (0, 1), ¦�|f ′(η)| > 2M .

y²µ(1) d4«mþëY¼ê��½n��3x0 ∈ [0, 1]¦�M = |f(x0)|, �

df(x)Øð�0�x0 ̸= 0, 1. d¥�½n,�3ξ1 ∈ (0, x0)Úξ2 ∈ (x0, 1)¦� M =
∣∣f(x0)− f(0)

∣∣ = ∣∣f ′(ξ1)
∣∣x0

M =
∣∣f(x0)− f(1)

∣∣ = ∣∣f ′(ξ2)
∣∣(1− x0)

. (3©)

u´|f ′(ξ1)| = M
x0
, |f ′(ξ2)| = M

1−x0
. d max

0≤x0≤1

{
1
x0
, 1
1−x0

}
≥ 2�§|f ′(ξ1)|½|f ′(ξ2)|k�

�≥ 2M . (5©)

(2) �y.�|f ′(x)| ≤ 2M, ∀x ∈ (0, 1). Kd(1)¥(Ø� max
0≤x0≤1

{
1
x0
, 1
1−x0

}
≤ 2, �U

´x0 =
1
2
§=M = |f(1

2
)|. é?¿x ∈ (0, 1), |f(x)| = |f(x)− f(0)| =

∣∣f ′(η1)
∣∣x ≤ 2Mx (x ∈ (0, 1

2
]),

|f(x)| = |f(x)− f(1)| =
∣∣f ′(η2)

∣∣(1− x) ≤ 2M(1− x) (x ∈ (1
2
, 1)).

= |f(x)| ≤ g(x) =

 2Mx, x ∈ [0, 1
2
]

2M(1− x), x ∈ (1
2
, 1]

(8©)

5¿��ÒØUð¤á§ÄKdf(x)ëY�, f(x) ≡ g(x)½f(x) ≡ −g(x), Kf(x)3

x = 1
2
?Ø��. Ø��c ∈ (0, 1

2
)¦�|f(c)| < g(c) = 2Mc§K

∣∣f(12)− f(c)
1
2
− c

∣∣ =∣∣f ′(ξ)
∣∣ > M − 2Mc

1
2
− c

= 2M . gñ. (10©)

Ô!( 8©)�f(x)3[0,+∞)þ2���, lim
x→+∞

f(x)Ú lim
x→+∞

f ′′(x)�3�k�. y²µ

(1) lim
x→+∞

f ′′(x) = 0.

(2) lim
x→+∞

f ′(x) = 0.

y²µ (1)� lim
x→+∞

f ′′(x) = A.eA > 0, éε =
A

2
, ∃M > 0, s.t.x > M�

A

2
<

f ′′(x) <
3A

2
. ��f(x) >

A

4
x2 + g(x)(x > M),Ù¥g(x)�1gõ�ª(ùp�d¼ê

üN5y²§^È©��±). ù� lim
x→+∞

f(x)�3gñ. Ón�y,A < 0�Ø¤á.

�A = lim
x→+∞

f ′′(x) = 0. (4©)

(2)é?¿x, h > 0,kTaylorÐm

f(x+ h) = f(x) + f ′(x)h+
f ′′(ξ)

2
h2.

©O�h = 1Úh = 2�� f(x+ 1) = f(x) + f ′(x) +
1

2
f ′′(ξ1(x)).

f(x+ 2) = f(x) + 2f ′(x) + 2f ′′(ξ2(x)).
(6©)
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üª�~��µ

f ′(x) = f(x+ 2)− f(x+ 1)− 2f ′′(ξ2(x)) +
1

2
f ′′(ξ1(x))

-x → +∞, 5¿�d�ξi(x) → +∞(i = 1, 2), �

= lim
x→+∞

f ′(x) = lim
x→+∞

f(x+ 2)− lim
x→+∞

f(x+ 1)− 2 · 0 + 0 = 0. (8©)
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