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1. (30©) �äe�·K�ý�¿`²nd.

(1). e f(x) 3 [1,+∞) þ�KëY§��~È©

∫ +∞

1

f(x) dx Âñ§K7

k lim
x→+∞

f(x) = 0"

)�µ�Ø · · · · · ·£4©¤

�~µéu n ≥ 2§½Ân�/óÀ¼êµ

fn(x) =



n2

[
x−

(
n− 1

n2

)]
, x ∈

[
n− 1

n2
, n

)
,

−n2

[
x−

(
n+

1

n2

)]
, x ∈

[
n, n+

1

n2

]
,

0, Ù¦.

-

f(x) =
∞∑
n=2

fn(x).

z� fn(x) ≥ 0§�3>.?�� 0§� f(x) �K�ëY£3ØÓóÀ�|

 «mØ­U�§f(x)©ãëY�3ë�:���0§l
�NëY¤"óÀ

fn �| 8�
[
n− 1

n2 , n+ 1
n2

]
§�Ý� 2

n2"�fn � fn+1 �| Ø�§z

�óÀ�¡È�µ ∫ n+1/n2

n−1/n2

fn(x) dx =
1

n2
.

l
 ∫ +∞

1

f(x) dx =
∞∑
n=2

1

n2
=
π2

6
− 1 < +∞,

Ïd�~È©Âñ"



� xn = n§K f(n) = 1§� lim
n→∞

f(n) = 1"� yn = n + 1
2
§é¿©�� n

k yn Ø3?ÛóÀ| S§� f(yn) = 0"Ïd lim
x→+∞

f(x) Ø�3§�,Ø

ªu 0"

(2). � ϕ(t) =

∫ 1

0

ln
√
x2 + t2 dx (0 ≤ t ≤ 1)§K lim

t7→0+
ϕ′(t) = ϕ′(0)"

)�µ�( · · · · · ·£4©¤

5¿� ln
√
x2 + t2 Ú

∂

∂t
ln
√
x2 + t2 =

t

x2 + t2

3 (0, 0) ?ØëY§�ØU^È©Òeé t ¦�ê��{5¦ ϕ′(0). 5¿�

ϕ(0) =
∫ 1

0
lnx dx = −1 Ú�t > 0 k

ϕ(t) = ln
√

1 + t2 −
∫ 1

0

x2

x2 + t2
dx = ln

√
1 + t2 − 1 + t arctan

1

t
.

Ïd� t > 0�§ϕ′(t) = arctan
(
1
t

)
§�kµ · · · · · ·£3©¤

ϕ′(0) = lim
t 7→0+

ϕ(t)− ϕ(0)

t
= lim

t7→0+

(1

t
ln
√

1 + t2 + arctan
1

t

)
=
π

2

l
kµ lim
t7→0+

ϕ′(t) = ϕ′(0)" · · · · · ·£3©¤

5Pµ�t > 0�§��d¹ëCþÈ©¦�úªk§

ϕ′(t) ==
1

2

∫ 1

0

∂

∂t
ln(x2 + t2) dx = t

∫ 1

0

1

x2 + t2
dx = arctan

(
1

t

)
.

l
k lim
t7→0+

ϕ′(t) =
π

2
.

(3).

∫ +∞

0

1

1 + x6
dx =

π

6
.

)�µ�Ø · · · · · ·£4©¤

-w = x6�§¦^{�úª��

�ª =
1

6

∫ +∞

0

w−5/6

1 + w
dw =

1

6
B(

1

6
,
5

6
) =

1

6
Γ(

1

6
)Γ(

5

6
) =

π

6 sin π
6

=
π

3
. · · · · · ·£6©¤



�! (12©) ò¼êf(x) = |x| 3 [−π, π]þÐm¤ÙFourier?ê§¿ddO�?

ê

∞∑
n=1

1

(2n− 1)2
�Ú"

)�µ5¿�f(x)�ó¼ê§Ïdbn = 0. · · · · · ·£3©¤

a0 =
1

π

∫ π

−π
|x| dx = π, an =

1

π

∫ π

−π
|x| cos(nx) dx =

2

π
·(−1)n − 1

n2
. · · · · · ·£3©¤

dDirichlet½nkµ

|x| = a0
2

+
∞∑
n=1

an cos(nx) =
π

2
− 4

π

∞∑
k=1

cos
(
(2k − 1)x

)
(2k − 1)2

. · · · · · ·£4©¤

� x = 0 ��
∞∑
k=1

1

(2k − 1)2
=
π2

8
. · · · · · ·£2©¤

n! (10©)Áyµ2ÂÈ©
∫ +∞
1

(−1)[x
2]dx^�Âñ§Ù¥ [x]L«x��êÜ©"

y²µP f(x) = (−1)bx
2c§K∫ +∞

1

f(x) dx = lim
T→+∞

∫ T

1

f(x) dx.

�N = [T 2]§Ïd
√
N ≤ T <

√
N + 1§u´ · · · · · ·£2©¤∫ T

1

f(x) dx =
N−1∑
k=1

∫ √k+1

√
k

(−1)k dx+R(T ) =
N−1∑
k=1

(−1)k
(√

k + 1−
√
k
)

+R(T ),

Ù¥

R(T ) =

∫ T

√
N

f(x) dx = (−1)N(T −
√
N) ≤ 1

√
N + 1 +

√
N
→ 0 (T → +∞).

Ïdk§∫ +∞

1

f(x) dx =
∞∑
k=1

∫ √k+1

√
k

(−1)k dx =
∞∑
k=1

(−1)k
(√

k + 1−
√
k
)
.

d Leibniz �O{§��?ê
∞∑
k=1

(−1)k
(√

k + 1−
√
k
)
Âñ§l
�È©Â

ñ" · · · · · ·£5©¤



Ï� |f(x)| = 1 é¤k x ¤á§¤±∫ +∞

1

|f(x)| dx =

∫ +∞

1

1 dx = +∞.

ùL²È©

∫ +∞

1

(−1)bx
2c dx �^�Âñ" · · · · · ·£3©¤

o! (10©) e f(x) 3 [0,+∞) þëY�

∫ +∞

0

f(x) dx Âñ§K�3ê� xn →

+∞ ¦� lim
n→∞

f(xn) = 0"

y²µ £�y{¤b�Ø�3ê� {xn} ÷v xn → +∞ � lim
n→∞

f(xn) = 0"

u´ lim infx→+∞ |f(x)| > 0. �é{`§�3~ê ε > 0 9 M > 0§¦��

x ≥ M �§|f(x)| ≥ ε"ndµXJéu,� ε > 0 Ú?¿� M§o�3

x ≥M ¦� |f(x)| < ε§@o·��±�g� ε = 1/n Ú M = n§����

xn ≥ n ÷v |f(xn)| < 1/n§d xn =÷v xn →∞ � f(xn)→ 0§�b�g

ñ"¤±b�Ø¤á�§7�3 ε > 0 � M > 0§¦�

|f(x)| ≥ ε, ∀x ≥M. (1) · · · · · ·£3©¤

d (1) � f 3 [M,∞) þëY�ðØ�""dëY¼ê�0�5§f 3

T«mþØUCÒ£ÄK�3 x0 ¦ f(x0) = 0§�� (1)¤"Ïd§f(x) 3

[M,∞) þðk

f(x) ≥ ε ½ f(x) ≤ −ε, ∀x ≥M. · · · · · ·£4©¤

� f(x) ≥ ε£∀x ≥M¤�§∫ t

M

f(x) dx ≥ ε(t−M)
t→+∞−−−−→ +∞,

¤±
∫ +∞
0

f(x) dx uÑ£� +∞¤" · · · · · ·£3©¤

aq/§� f(x) ≤ −ε£∀x ≥ M¤�§È©uÑ� −∞"ü«�¹þ�K

�
∫ +∞
0

f(x) dx Âñgñ"Ïd§�b�Ø¤á§7�3ê� xn → +∞ ¦



�

lim
n→∞

f(xn) = 0.

Ê! (10©) �f(x) ± 2π �±Ï��¼ê§� f ′(x) �ëY§ÁyµÙ Fourier

?ê��Âñuf(x).

y²µ 5¿�f ´ C1 �±Ï¼ê§Ïd f � Fourier ?ê�µ

f(x) =
a0
2

+
∞∑
n=1

[
an cos(nx) + bn sin(nx)

]
, · · · · · ·£2©¤

Ù¥ an = 1
π

∫ π
−π f(x) cos(nx) dx, bn = 1

π

∫ π
−π f(x) sin(nx) dx.

� f ′ � Fourier Xê� a′n, b
′
n§Kd©ÜÈ©k

a′n =
1

π

∫ π

−π
f ′(x) cos(nx) dx =

1

π

[
f(x) cos(nx)

]π
−π+

n

π

∫ π

−π
f(x) sin(nx) dx = nbn,

Ú

b′n =
1

π

∫ π

−π
f ′(x) sin(nx) dx =

1

π

[
f(x) sin(nx)

]π
−π−

n

π

∫ π

−π
f(x) cos(nx) dx = −nan. · · ·£2©¤

d Parseval�ª�k

1

π

∫ π

−π
|f ′(x)|2dx =

(a′0)
2

2
+
∞∑
n=1

[
(a′n)2 + (b′n)2

]
,

u´
∞∑
n=1

[
(a′n)2 + (b′n)2

]
< +∞. · · · · · ·£2©¤

^ CauchyõSchwarz Ø�ªµ

∞∑
n=1

|an| =
∞∑
n=1

|b′n|
n
≤

(
∞∑
n=1

(b′n)2

)1/2( ∞∑
n=1

1

n2

)1/2

< +∞,

Ú
∞∑
n=1

|bn| ≤

(
∞∑
n=1

(a′n)2

)1/2( ∞∑
n=1

1

n2

)1/2

< +∞.



Ïd
∞∑
n=1

(
|an|+ |bn|

)
< +∞. · · · · · ·£2©¤

é?¿ x§k

|an cos(nx) + bn sin(nx)| ≤ |an|+ |bn|.

d Weierstrass�O{�

∞∑
n=1

[
an cos(nx) + bn sin(nx)

]
3 R þ��Âñu f(x)" · · · · · ·£2©¤

8! (18©) Áy:2ÂÈ©

∫ +∞

1

arctan(x)

x2
√
x2 − 1

dx Âñ,¿O�Ù�. �©

y². �
PÒ{ü§P

f(x, α) =
arctan(αx)

x2
√
x2 − 1

, ψ(α) =

∫ +∞

1

f(x, α) dx.

(1) krÈ©
©¤üÜ©µ∫ +∞

1

f(x, α) dx =

∫ 2

1

f(x, α) dx+

∫ +∞

2

f(x, α) dx.

e¡éα > 0�ÑÂñ§�,éα = 1½¤á"5¿�

• � x→ +∞ �§ f(x, α) ∼ π

2x3
§È©

∫ +∞

2

1

x3
dx Âñ.

• �x→ 1+ �§f(x, α) ∼ arctan(α)√
2(x− 1)

§È©

∫ 2

1

1√
x− 1

dx ´Âñ�.

l
�2ÂÈ©

∫ +∞

1

f(x, α) dxÂñ. · · · · · ·£8©¤

(2) 5¿�

∫ +∞

1

1

x
√
x2 − 1

Âñ�

∣∣∣∣∂f∂α
∣∣∣∣ =

∣∣∣∣ 1

x
√
x2 − 1(1 + α2x2)

∣∣∣∣ ≤ 1

x
√
x2 − 1

,



dWeierstrass�O{�§

∫ +∞

1

∂f

∂α
dx3α ≥ 0þ��Âñ. · · · · · ·£5©¤

Ïd�±��È©Ú�ê�^S§

ψ′(α) =

∫ +∞

1

∂f

∂α
dx =

∫ +∞

1

1

x
√
x2 − 1(1 + α2x2)

dx

=

∫ π/2

0

1

1 + α2 sec2 θ
dθ -x = sec θ, t = tan θ

=

∫ +∞

0

1

1 + α2(1 + t2)

dt

1 + t2
=
π

2

(
1− α√

1 + α2

)
.

(Üψ(0) = 0k§ψ(α) =
π

2

(
1 + α−

√
1 + α2

)
. · · · · · ·£5©¤

Ô! (10©)�¼ê f(x) 3 [0, 1] þëY� f(x) > 0§½Â

g(y) =

∫ 1

0

yf(x)

x2 + y2
dx, y ∈ R.

Áyµ lim
y→0+

g(y) =
π

2
f(0).

y{1. -

Ky(x) =
y

x2 + y2
.

Kk ∫ 1

0

Ky(x) dx =

∫ 1

0

y

x2 + y2
dx =

[
arctan

(
x

y

)]1
x=0

= arctan

(
1

y

)
.

Ïd

lim
y→0+

∫ 1

0

Ky(x) dx =
π

2
.

5¿�

g(y) = f(0)

∫ 1

0

Ky(x)dx+

∫ 1

0

y[f(x)− f(0)]

x2 + y2
dx. · · · · · ·£2©¤

®�1��4�´ f(0) · π
2
§·��Iy²1��

R(y) :=

∫ 1

0

y[f(x)− f(0)]

x2 + y2
dx→ 0 (y → 0+).



�½ ε > 0§dëY5§�3 δ > 0§� 0 ≤ x ≤ δ �§

|f(x)− f(0)| < ε.

òÈ©©¤ [0, δ] Ú [δ, 1] üÜ©"

(i) «m [0, δ]µ

∣∣∣∣∫ δ

0

y[f(x)− f(0)]

x2 + y2
dx

∣∣∣∣ ≤ ε

∫ δ

0

y

x2 + y2
dx ≤ ε

∫ ∞
0

y

x2 + y2
dx = ε·π

2
. · · · · · ·£3©¤

(ii) «m [δ, 1]µ� x ≥ δ �§ y
x2+y2

≤ y
δ2
§� f(x)− f(0) 3 [δ, 1] þëY§�

k. |f(x)− f(0)| ≤M§M ´~ê"u´∣∣∣∣∫ 1

δ

y[f(x)− f(0)]

x2 + y2
dx

∣∣∣∣ ≤M · y
δ2
· (1− δ). · · · · · ·£3©¤

� y → 0+§ù�þ.ªu 0"Ïd§é?¿ ε > 0§� y v
�µ

|R(y)| ≤ ε · π
2

+M
y

δ2
(1− δ).

u´ lim supy→0+ |R(y)| ≤ π
2
ε§d ε ?¿5� R(y)→ 0"¤±

lim
y→0+

g(y) = f(0) · π
2
. · · · · · ·£2©¤

y{2. �Cþ�� x = yt k

g(y) =

∫ 1/y

0

yf(yt)

y2t2 + y2
· y dt =

∫ 1/y

0

y2f(yt)

y2(t2 + 1)
dt =

∫ 1/y

0

f(yt)

t2 + 1
dt, y > 0.

duf 3 [0, 1] þëY§l
��ëY§Ïdé?¿ ε > 0§�3 δ ∈ (0, 1)§

¦�� |yt| < δ �

|f(yt)− f(0)| < ε. · · · · · ·£2©¤



q5¿�

∫ +∞

0

1

t2 + 1
dt =

π

2
§Ïd�3¿©�T0 ¦�∫ ∞

T0

M

t2 + 1
dt < ε, M = max

x∈[0,1]
f(x). · · · · · ·£2©¤

év
�� y > 0 ¦ 1/y > T0§� yT0 < δ§·�k

g(y) =

∫ T0

0

f(yt)

t2 + 1
dt+

∫ 1/y

T0

f(yt)

t2 + 1
dt.

1��È© ∣∣∣∣∣
∫ 1/y

T0

f(yt)

t2 + 1
dt

∣∣∣∣∣ ≤M

∫ ∞
T0

1

t2 + 1
dt < Mε.

1��È©¥§Ï t ∈ [0, T0]§� y v
�§yt ≤ yT0 < δ1§l


|f(yt)− f(0)| < ε.

u´∣∣∣∣∫ T0

0

f(yt)

t2 + 1
dt− f(0)

∫ T0

0

1

t2 + 1
dt

∣∣∣∣ ≤ ε

∫ T0

0

1

t2 + 1
dt ≤ ε·π

2
. · · · · · ·£2©¤


�

f(0)

∫ ∞
T0

1

t2 + 1
dt ≤ f(0)ε.

Üå5µ ∣∣∣∣g(y)− f(0)

∫ ∞
0

1

t2 + 1
dt

∣∣∣∣ ≤ ε · π
2

+Mε+ f(0)ε.

Ï� ε ?¿�§�

lim
y→0+

g(y) = f(0) · π
2
. · · · · · ·£4©¤


