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�. (15©)� α > 1. O��­È©

∫∫
D

yα√
x+ y2

dx dy,Ù¥ D ´d�� x = 0, y = 0

Ú x+ y = 1 ¤�¤�«�.

) �C� Φ : x = r2 cos2 ϕ, y = r sinϕ. K |JΦ| = 2r2 cosϕ, �dC�òÝ/

D′ = {(r, ϕ) : 0 6 r 6 1, 0 6 ϕ 6 π
2
} N¤ D. �,∫∫

D

yα√
x+ y2

dx dy =

∫∫
D′

rα sinα ϕ

r
· 2r2 cosϕ dr dϕ

= 2

∫ 1

0

rα+1 dr

∫ π
2

0

sinα ϕ cosϕ dϕ

= 2 · 1

α + 2
· 1

α + 1
.

u´¤¦È©��� 2
(α+1)(α+2)

.

�. (�K20©, z�K10©)

(1) � L ´d |x|3 + 3|y| = 1 (½�µ4­�. O�1�.­�È©
∫
L

|x|3 ds.

): � L 31����Ü©´ L1, Ù�§´ y = 1
3
(1− x3) (0 6 x 6 1). u´∫

L

|x|3 ds = 4

∫
L1

x3 ds = 4

∫ 1

0

x3
√

1 + (y′(x))2 dx

= 4

∫ 1

0

x3
√

1 + x4 dx =

∫ 1

0

√
1 + t dt

=
2

3
(1 + t)

3
2

∣∣∣1
0

=
2

3
(2
√

2− 1).

(2) ¦1�.­�È©
∫
L

−y
4x2 + y2

dx+
x

4x2 + y2
dy, Ù¥ L ´�± x2 + y2 = 9 �

��_����.

): P P = −y
4x2+y2

, Q = x
4x2+y2

. ­� L1 : 4x2 + y2 = 4 ��^��. 3 L � L1

¤�¤��G«�S P,Q Ñ´ëY���, �

∂Q

∂x
− ∂P

∂y
= 0.

�â Green úª, � ∫
L+L1

P dx+Q dy = 0.
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�, ∫
L

P dx+Q dy =

∫
−L1

P dx+Q dy =
1

4

∫
−L1

−y dx+ x dy

2d Green úª
1

4

∫
−L1

−y dx+ x dy =
1

4

∫∫
D

2 dx dy =
1

2
σ(D) = π,

Ù¥ D : 4x2 + y2 6 4, σ(D) = 2π ´ D �¡È. �, ¤¦È©��� π.

n. (16©) ¦­¡È© I =

∫∫
S

(x2 − x) dy dz + (y2 − y) dz dx+ (z2 − z) dx dy, Ù¥ S

´�»� R �þ�¥¡ x2 + y2 + z2 = R2 (z > 0), ���þ.

): S �ëê�§�

x = R sin θ cosϕ, y = R sin θ sinϕ, z = R cos θ (0 6 θ 6
π

2
, 0 6 ϕ 6 2π).

3 S þ�: (x, y, z) ?�ü {�� (x,y,z)
R

. �,

I =

∫∫
S

(x2 − x, y2 − y, z2 − z) · (x, y, z)

R
dS

=
1

R

∫∫
S

[
x3 + y3 + z3 − (x2 + y2 + z2)

]
dS

=
1

R

∫∫
S

[
x3 + y3 + z3 −R2

]
dS.

dé¡5�� ∫∫
S

x3 dS =

∫∫
S

y3 dS = 0.

�,

I =
1

R

∫∫
S

z3 dS −R
∫∫
S

dS =
1

R

∫∫
S

z3 dS − 2πR3

=
1

R

∫∫
06θ6π

2
06ϕ62π

(R cos θ)3R2 sin θ dθ dϕ− 2πR3

= 2πR4

∫ π
2

0

cos3 θ sin θ dθ − 2πR3

= 2πR4 · 1

4
− 2πR3

=
πR4

2
− 2πR3.
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o. (15©) � n ´��ê, Σ ´ý¥¡
x2

a2
+
y2

b2
+
z2

c2
= 1, {��	. O�

I =

∫∫
Σ

xn dy dz + yn dz dx+ zn dx dy.

): Ï� (xn, yn, zn) 3 Σ ¤��ý¥N V þÑ´1w�, ¤±d Gauss úª�

�

I =

∫∫∫
V

(
nxn−1 + nyn−1 + nzn−1

)
dσ = n

∫∫∫
V

(
xn−1 + yn−1 + zn−1

)
dσ.

éþ¡���n­È©�C� Φ : x = au, y = bv, z = cw. TC�ò�»� 1 �¥

N B : u2 + v2 + w2 6 1 N� V. Ïd

I = n

∫∫∫
B

(an−1un−1 + bn−1vn−1 + cn−1wn−1)abc dσ

= nabc

∫∫∫
B

(an−1un−1 + bn−1vn−1 + cn−1wn−1) dσ.

�âé¡5, k ∫∫∫
B

un−1 dσ =

∫∫∫
B

vn−1 dσ =

∫∫∫
B

wn−1 dσ.

Ï


I = nabc
(
an−1 + bn−1 + cn−1

) ∫∫∫
B

wn−1 dσ.

B �ëê�§´ u = r sin θ cosϕ, v = r sin θ sinϕ, w = r cos θ, Ù¥ 0 6 r 6 1, 0 6

θ 6 π, 0 6 ϕ 6 2π. u´

I = nabc
(
an−1 + bn−1 + cn−1

) ∫∫∫
06r61
06θ6π

06ϕ62π

(r cos θ)n−1r2 sin θ dr dθ dϕ

= nabc
(
an−1 + bn−1 + cn−1

) ∫ 1

0

rn+1 dr

∫ π

0

cosn−1 θ sin θ dθ

∫ 2π

0

dϕ

= nabc
(
an−1 + bn−1 + cn−1

)
· 1

n+ 2
· 2

n
· 2π

=
4π

n+ 2
abc
(
an−1 + bn−1 + cn−1

)
.
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Ê. (�K14©, z�K 7 ©) �k²¡�þ| ~F =

(
−y

a2x2 + b2y2
,

x

a2x2 + b2y2

)
, Ù¥

a, b Ñ´�¢ê.

(1) ¦ ~F 3«� D1 = {(x, y) ∈ R2 : x > 0} �¤k³¼ê;

(2) y² ~F Ø´«� D2 = {(x, y) ∈ R2 : x2 + y2 > 0} þ��Å(k³)|.

): (1)

ϕ(u, v) =

∫ (u,v)

(1,0)

−y
a2x2 + b2y2

dx+
x

a2x2 + b2y2
dy

=

∫ (u,0)

(1,0)

−y
a2x2 + b2y2

dx+
x

a2x2 + b2y2
dy

+

∫ (u,v)

(u,0)

−y
a2x2 + b2y2

dx+
x

a2x2 + b2y2
dy

=

∫ v

0

u

a2u2 + b2y2
dy

=
1

ab
arctan

bv

au
.

�, ¤¦�³¼ê� ϕ(x, y) = 1
ab

arctan by
ax

+ C, Ù¥ C ´?¿~ê.

(2) � L ´_�����ý� a2x2 + b2y2 = 1, ¤�¤�«�� D, K D �¡È�

σ(D) = π
ab
. �þ| ~F ÷ L �1�.­�È©�∮

L

−y
a2x2 + b2y2

dx+
x

a2x2 + b2y2
dy

=

∮
L

−y dx+ x dy = 2σ(D) =
2π

ab
6= 0.

�, ~F Ø´«� D2 = {(x, y) ∈ R2 | x2 + y2 > 0} þ��Å(k³)|.
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8. (10©) � D = {(x, y) : x2 + y2 6 R2}, ¼ê f(x, y) 3 D þk��ëY �ê�

÷v ∆f = ∂2f
∂x2

+ ∂2f
∂y2

= x+ x2 + y2. O� I =

∫∫
D

f(x, y) dx dy.

): � g(x, y) = 1
6
x3 + 1

12
x4 + 1

12
y4, ±9 h(x, y) = f(x, y)− g(x, y), Kk

∆h = ∆f −∆g = ∆f − (x+ x2 + y2) = 0.

ù`² h ´ D þ�NÚ¼ê. D �ëê�§� x = r cosϕ, y = r cosϕ (0 6 r 6

R, 0 6 ϕ 6 2π). Ïd∫∫
D

h(x, y) dx dy =

∫∫
06r6R
06ϕ62π

h(r cosϕ, r cosϕ)r dr dϕ

=

∫ R

0

r

(∫ 2π

0

h(r cosϕ, r cosϕ) dϕ

)
dr.

P H(r) =

∫ 2π

0

h(r cosϕ, r cosϕ) dϕ. � L ´ D �>., ^����, K

H ′(r) =

∫ 2π

0

(
cosϕh′x(r cosϕ, r cosϕ) + sinϕh′y(r cosϕ, r cosϕ)

)
dϕ

=

∫
L

−h′y dx+ h′x dy (�­È©=z�­�È©)

=

∫∫
D

(
h′′xx + h′′yy

)
dσ (Green úª)

= 0.

ù`² H(r) ´~ê. Ïd H(r) = H(0) = 2πh(0, 0). Ïd∫∫
D

h(x, y) dx dy = h(0, 0)

∫ R

0

r dr = πR2h(0, 0) = πR2f(0, 0).

u´

I =

∫∫
D

h(x, y) dx dy +

∫∫
D

g(x, y) dx dy = πR2f(0, 0) +

∫∫
D

(
x+ x2 + y2

)
dx dy

= πR2f(0, 0) +

∫∫
D

(
x2 + y2

)
dx dy = πR2f(0, 0) +

∫∫
06r6R
06ϕ62π

r2 · r dr dϕ

= πR2f(0, 0) +
π

2
R4.
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Ô. (10©) � f(x) ´ [0, 1] þ�ëY¼ê, D = {(θ, ϕ) : 0 6 θ 6 π
2
, 0 6 ϕ 6 π

2
}. ¦y:∫∫

D

(sin θ + cosϕ)f(1− sin θ cosϕ) dθ dϕ = π

∫ 1

0

f(x) dx.

y²: P B = {(x, y) : x2 + y2 6 1, x > 0, y > 0}. �ÄC�

x = sin θ cosϕ, y = sin θ sinϕ.

´�dC�ò D N¤ B, � ∂(x,y)
∂(θ,ϕ)

=

∣∣∣∣∣cos θ cosϕ − sin θ sinϕ

cos θ sinϕ sin θ cosϕ

∣∣∣∣∣ = cos θ sin θ. Ïd,

∫∫
D

f(1− sin θ cosϕ) sin θ dθ dϕ =

∫∫
B

f(1− x)√
1− x2 − y2

dx dy

=

∫ 1

0

f(1− x) dx

∫ √1−x2

0

1√
1− x2 − y2

dy.

Ï�é a > 0, k
∫ a

0

1√
a2 − t2

dt =
π

2
, ¤±

∫∫
D

f(1− sin θ cosϕ) sin θ dθ dϕ =
π

2

∫ 1

0

f(1− x) dx =
π

2

∫ 1

0

f(x) dx.

aq/, �ÄC� x = sin θ cosϕ, y = cos θ cosϕ. ��∫∫
D

f(1− sin θ cosϕ) cosϕ dθ dϕ =
π

2

∫ 1

0

f(x) dx.

þ¡üª�\)�¤y.
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