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¥ I � Æ E â � Æ
2025 - 2026Æc1�ÆÏÏ¥�ÁÁò

�Á�8µ �5�ê£B1¤ �©µ

�!Xµ 6¶µ ÆÒµ

KÒ � � n o Ê 8 Ô o©

�©

�! =z�K5©, �30©>W�K:

1. - A =


3 0 2

0 3 0

0 0 3

. K A5 =


243 0 810

0 243 0

0 0 243

.

2.�A =


2 1 2 0

6 7 5 2

9 7 3 5

3 8 4 1

, Mij L«A�{fª. KM31+M32+M33 = −9 .

3. ®� A, B´ 4��
� det(A) = −1, det(B) = 0. �X = (A∗)∗, =X ´ A ��

�Ý
���Ý
. � Y = (B∗)∗. K det(X − Y ) = −1 .

4. ®��þ| α1 = (1, 2, 3), α2 = (2, 3, x), α3 = (0, 1,−4)��� 2. K x ���

10 .

5. n�ê|�m¥ β = (1,−2, 4)3Ä α1 = (1, 1, 1), α2 = (1, 3, 9), α3 = (1,−1, 1)e

��I´ (−5
4
, 3

8
, 15

8
) .

6. � R4[x]� R þgêØ�L 4�õ�ª(¹"õ�ª)�N, Uìõ�ª�\{Úê

¦$��¤��5�m. �Ñf�m V = {f(x) ∈ R4[x] | f(0) = 0 �f ′′(2) = 0}�

�|Ä x, x3 − 6x2, x4 − 24x2 . ùp f ′′(x) L«�g�¼ê.

5¿: �K�YØ��.
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�! =z�K5©£�ä�Ø2©§nd3©¤, �20©>

�äKµ�äe�·K´Ä�(, ¿{�`²nd½ÞÑ�~.

1. � A ∈ R3×2, B ∈ R2×3 � rank(A) = rank(B) = 2. K rank(AB) = rank(BA).

�Ø. �~Xe.
0 0

1 0

0 1


1 0 0

0 1 0

 =


0 0 0

1 0 0

0 1 0

, �� 2.

1 0 0

0 1 0



0 0

1 0

0 1

 =

0 0

1 0

, �� 1.

2. � A ´ 2025 ��
. K rank(A2025) = rank(A2024).

�Ø. �~. � A =
∑2024

j=1 Ej,j+1. K A2024 = E1,2025, A2025 = O.

3. ®��þ| α1, α2, α3, α4, α5, α6 ∈ R6 �5Ã', K�þ| α1 − α2, α2 − α3,

α3 − α4, α4 − α5, α5 − α6, α6 + α1��½�5Ã'.

�(. ndùp�Ñ'�:øë�. ~X,

α1 =
1
2
(α1 − α2) +

1
2
(α2 − α3) +

1
2
(α3 − α4) +

1
2
(α4 − α5) +

1
2
(α5 − α6) +

1
2
(α6 + α1).


 α2 = α1 − (α1 − α2), 2òþª�\O�1�� α1. Ù¦Ñ��gaq��.

4. ®� α, β ´o�ê|�m R4 ¥�ü�ØÓ��"�þ. K {α, α + β} �½´�

þ| {α, α + β, α + 2β, α + 3β} ���4�Ã'|.

�Ø. �~ α = e1, β = −e1.
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�!Xµ 6¶µ ÆÒµ

n! =15©>�Ä�5�§|



x1 + x2 − 2x3 + 3x4 = 0

2x1 + x2 − 6x3 + 4x4 = −1

3x1 + 2x2 + cx3 + 7x4 = −1

x1 − x2 − 6x3 − x4 = d

.

¯ëê c, d�Û��, T'uCþ x1, x2, x3, x4 ��§|Ã)ºk)º¿3k)��

¹e, ©�¹�Ñ�§|�Ï).

): éO2Ý
?1Ð�1C���
1 1 −2 3 0

2 1 −6 4 −1

3 2 c 7 −1

1 −1 −6 −1 d

 →


1 0 −4 1 −1

0 1 2 2 1

0 0 c+ 8 0 0

0 0 0 0 d+ 2

.

Ïd, � d ̸= −2 �Ã), � d = −2 �k).

� d = −2 � c = −8 �, Ï)�


−1

1

0

0

+ k1


4

−2

1

0

+ k2


−1

−2

0

1

, k1, k2 �ê�¥?

¿ê.

� d = −2 � c ̸= −8 �, Ï)�


−1

1

0

0

+ k


−1

−2

0

1

, k �ê�¥?¿ê.
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o! =10©>� A =


2 6 3 9

0 2 0 3

3 5 4 8

0 5 0 7

. ¦ A �1�ª det(A), ¿¦ A �_Ý
 A−1.

): S23AS23 =


2 3 6 9

3 4 5 8

0 0 2 3

0 0 5 7

, P�

B X

O C

, �©¬þn�..

du |S23| = −1, K |A| = |S23AS23| = |B| × |C| = (−1)× (−1) = 1.

du S−1
23 = S23, u´,

A−1 = S23(S23AS23)
−1S23 = S23

B X

O C

−1

S23 = S23

B−1 −B−1XC−1

O C−1

S23.

O��� B−1 =

−4 3

3 −2

, C−1 =

−7 3

5 −2

, −B−1XC−1 =

−3 3

1 −2

,

?
 A−1 =


−4 −3 3 3

0 −7 0 3

3 1 −2 −2

0 5 0 −2

.
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�!Xµ 6¶µ ÆÒµ

Ê! =15©>� c, d ∈ R �ëê. � J =

c d

0 c

 ∈ R2×2, O ���"�
, I2 ´

��ü Ý
. �

A =

J O

O I2

 .

� V = {B ∈ R4×4 | AB = BA}. ùp V �ëê c, d k'.

(1) ¦y: 'uÝ
�\{Úê¦$�e, V ´ R þ��5�m.

(2) éëê c, d ©a?Ø, ©O£�éA�¹e V ��ê.

(1) y²: V �� R4×4 ���f8, ´�yé?¿ B1, B2 ∈ V 9 k ∈ R, Kk

B1 + kB2 ∈ V . ¤±, V ´ R þ��5�m.

(2) ): � B = (bij)1⩽i,j⩽4. K AB = BA ��=�
cb11 + db21 cb12 + db22 cb13 + db23 cb14 + db24

cb21 cb22 cb23 cb24

b31 b32 b33 b34

b41 b42 b43 b44

 =


cb11 cb12 + db11 b13 b14

cb21 cb22 + db21 b23 b24

cb31 cb32 + db31 b33 b34

cb41 cb42 + db41 b43 b44

.

(i) � c = 1 � d = 0 �, k V = R4×4 ( bij ØÉ�å), l
 dimV = 16.

(ii) � c = 1 � d ̸= 0 �, k AB = BA ⇐⇒ b21 = b23 = b24 = b31 = b41 = b11 − b22 =

0. l
 dimV = 10.

(iii) � c ̸= 1 � d = 0 �, k AB = BA ⇐⇒ b13 = b14 = b23 = b24 = b31 = b32 =

b41 = b42 = 0. l
 dimV = 8.

(iv) � c ̸= 1 � d ̸= 0 �, k AB = BA ⇐⇒ b21 = b13 = b14 = b23 = b24 = b31 =

b32 = b41 = b42 = b11 − b22 = 0. l
 dimV = 6.
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8! =5©>� A ´ n ��
. PÒ Rn L« n ���þê|�m. � β ∈

Rn ÷v A6β = 0 � A5β ̸= 0, ùp 0 L« Rn ¥�"�þ. ¦�þ| S =

{β,Aβ,A2β,A3β,A4β,A5β} ��.

): ey: �þ| β,Aβ,A2β,A3β,A4β,A5β �5Ã'.

b� k0β + k1Aβ + k2A
2β + k3A

3β + k4A
4β + k5A

5β = 0 (1).

5¿��m ⩾ 6 �ok Amβ = 0. þ¡ (1) ªü>�>¦±Ý
 A5, � k0A
5β = 0.


 A5β ̸= 0, l
 k0 = 0.

�\ k0 = 0, u´ (1) ªC¤ k1Aβ + k2A
2β + k3A

3β + k4A
4β + k5A

5β = 0 (2).

þ¡ (2) ªü>�>¦±Ý
 A4, Ón�� k1 = 0. �gÓnaqö���

k2 = k3 = k4 = k5 = 0.

Ïd, �þ| β,Aβ,A2β,A3β,A4β,A5β �5Ã'. l
 rank(S) = 6.
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�!Xµ 6¶µ ÆÒµ

Ô! =5©>� c1, c2, c3, c4, c5, c6, c7, d1, d2, d3, d4 ∈ R ´ëê.

�Ä'uCþ (x1, x2, x3, x4, x5)
T ��5�§|:

c1x1 + 2c2x2 + 3x3 + 2(c3 + c4)x4 + 23x5 = d1 + d2 − 1

(c1 − 5)x1 + (c5 + 3)x2 + x3 + c3x4 + (c6 + 4)x5 = d1 − d2 + 4

c7x1 + 3x2 + c4x4 + 6x5 = d3 − 3d4

(3c7 − 2)x1 + (c2 + 3)x2 + 2x3 + d1x4 + d2x5 = d3

c5x2 + x3 + (c1 − c2)x4 + c6x5 = d4

.

®� ξ1 = (−10,−7,−2, 4, 4)T , ξ2 = (7,−2, 5, 3,−3)T , ξ3 = (21, 0, 6,−1,−4)T Ñ´

þã�5�§|�). ¦þã�5�§|�Ï).

): - η1 = ξ1 − ξ3 = (−31,−7,−8, 5, 8)T , η2 = ξ2 − ξ3 = (−14,−2,−1, 4, 1)T .

- V L«éAàg�5�§|�)�m.

K η1, η2 ∈ V , �5¿� η1, η2 �5Ã', Ïd, dimV ⩾ 2.

*	XêÝ
 A �1 2, 3, 5 1, 1 2, 3, 5 ��n�fª�∣∣∣∣∣∣∣∣∣
c5 + 3 1 c6 + 4

3 0 6

c5 1 c6

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣
3 0 4

3 0 6

c5 1 c6

∣∣∣∣∣∣∣∣∣ = −6 ̸= 0.

¤±, XêÝ
 A ��÷v rank(A) ⩾ 3, l
 dimV = 5− rank(A) ⩽ 2.

nþ, �� dimV = 2. u´, K¥�5�§|�Ï)� ξ3 + k1η1 + k2η2, k1, k2 �ê

�¥?¿ê.
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