(3 points each, 30 points in total)
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(1) (5x3') Write down the definitions of LCHZ 9] |, tﬁ@@%ﬁ‘f | FY §¥L -
(2) (1x3’) Write down the full statement of the usual Tietzed 7k T .

(3) (1x3") Write down the }i#%5| 3 that we used above.
(4) (1x3") Under what condition, we may | BUT &RV ERVE = HE m

(5) (1x3') Explain why: | K U (V \ V)RV RIHE |
(6) (2x3') Two sentences were painted black with ink by the DAMN PROFESSOR
ROCKET who teach you topology. The first one explains why we can apply Ti-
etze extension theorem in V/, and the second one explains why supp(f) is compact.

Recover the reason.

(1)e |LCHZ®[d] | means Locally compact and Hausdorff, where

- X is Locally compact means

- X is Hausdorff means

*f:X =Y isa| ELEME | means




(Answers to Problem | _ COntinueg)
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e For A C X,the
Off:AR‘)
Rmeans
OGiVenf:X—)R’

(2) Tietzed 5K & 7.

(3) There are many different 4 43| 3m What we used i
. 18:

(4) The condition under which we can ‘ BAEVHEAVESSE, HKcV Ve X

)| KU (V\V)RVEHIHE because:

- (6) - We can’t apply Tietze extension theorem in X directly, but we can apply Tietze

extension theorem in V/, because:

- supp(f) is compact because:

w4 T3 2R



problem 2 (2 points each, 20 points in total)

Which of the following statements are correct? Write a “T” before each COrrect g,
1 m
and write an “F”” before each wrong statement. ent

) If f : [a,b] = R is continuous, and f([a,b]) O [a,b], then there eXists p ¢ g
such that f(p) = p.

¢ |

¢-or) For any subset A C (X, d), define da(z) = inf,eq d(z, a). Then da()
only if z € A.

= Dif ang

() Let B be a basis of a topological space (X, 7), then B(z) = {B ¢ B lzé Blis,
neighborhood basis at .

®o~wior any subset A in a metric space (X, d), the derived set A’ must be closed.
-—

i If A, B are compact subsets of (X, T )» then A N B is compact.
v4¢)a)E@f the Cantor set C, we have C’ = (.
Any non-compact metric space admits a completion.
|2 The set Q (endow with the standard metric topology) is locally compact.
> 'The product of 2024 a-compaqt spaces is still o-compact.

¢ If £ is a continuous function on [0,1] and fol f(z)e3k*dz = 0 holds for all k € N,
then f = (),

. 1) Any subspace of a (T4) space is still a (T4) space.



Problem 3 (20 Points)

Consider the following topologies op R2-

g, = the cofinite topology

| —yal}
, = the topology generated by tne metric d((z1, z), (31, yo)) =min{ L, |71 —wil i

J5 = the topology generated by the basis{[m, m + 1) x [n,n+1) | m,n € 24
g, = the topology generated by the sub-basis{l |  is a line in R*}

(1) Show that (R?, 77) is compact.

2) (R? ) is second countable. Write down a countable basis (No proof is needed)-
(3) Is (R%, Z5) (T2)? (T3)? (T4)? (A1)? Separable? (No proof is needed).

(4) J4 is atopology that we are familiar with, What is it? Explain why.



Problem 4 (2047)

Consider the topology 7 on R given ?y
y = {@7R} U {(a’7 +OO>7 [a, OO) l ac R}.
(1) What is the closure of (0,1)? Prove your conclusion.

(2) Prove: If f:R—Ris increasing [ie. a<b = f(a)<f(5)] , then 1
is continuous. (R,

)*(R,y)
(3) Prove: If f : (R, ) — (R, J) is continuous, then f : R — R is increas;
asing

(4) Let I the usual topology on R. Find all continuous maps f : (R, 7) -

prove your conclusion. ' (R, Z) ang



Problem 5 (15 pojn¢ s)

Le‘ifin-+Y1::mdf2;)(25”/2
hxfr:Xixx, 4y,

N eﬁne
be maps between topological spaces. D

Yo, (i x fo)(@1,2) = (fa(z), Fo(@2))

Endow the product spaces with the Product topology. Prove:

(1) If f1, fo are continuous, so is f1 X fo.
(2) If f1, f2 are open maps, so is f; x #,.

:s not closed.
(3) Find an example (with explanation) so that f;, f, are closed, but f; X f2is D



/ Problem 6 (25 ﬁj\)

show that if (X, d) is a locally compact metric space, then for any z

1) Bl
( > 0 so that the closed ball B(z,r) is compact.

€ X, there €Xistg

7) We learned in class that any compact metric space is complete, By cony
Jocal property. So it is natural to write and prove the following “generalj

(

Crgence js ,

x ZatiOn”;
Theorem: Any locally compact metric space (X, d) is complete

#£9. Let (z,) be any Cauchy sequence in (X, d). By definitiop of Cauchy

sequence, for n, m large enough, the distance d(z,,, z,,) can be ag smal] ag
. we want. So we take r > 0 so that B(z,, r) is compact, and A(Zn, z,,) < ¢
for m > n. Since B(z,,T) is compact, (Zm)m>n has a subsequence that '
converges to a € m So (z,) has a convergent subsequence, ie. X

is complete. i AT
Explain the mistake in the proof. ’ !
(3) Write down (with explaination) a locally compact metric space (X, d) that @ complete.
: T L o ey
(4) Suppose (X, d) is a locally compact metric space, such that for any z,y € X thereis
an\iﬂ_n@ . (X,d) = (X, d) so that f(z) = y. Prove: (X, d) is complete.

————

() Let (X, d) be a locally compact metric space, so that any closed ball B(z,r) is com-
pact. Prove: The isometry group Isom(X,, d) is locally compact in (C(X, X), Zeo)



m7 (10 points)

Froble
k" consider the Euclidean metric Mld the [* metric d_,
. deol(@2): (i) = 13\2“{!% — i} BN

On the set X = {u, s, t,c}, consider the metric d given by
du,¢) =d(s,c) =d(t,c) =1, d(u,s)=d(u,t) = d(s £) = 9
Show that there is no isometric embedding f : (X, d) — (R", d;). .

) Let (Y,d) be a metric space that consists of W Prove (Y, \
isometrically embedded into (R”, oo) - o

(1)




Problem 8 (10 points) ;

Let X be compact Hausdorff topological space, and f : X — X be a continuous map-.
Prove: there exsits a closed subset A C X so that f( A)= A

: . thers.]
(1t seems to me that part of this problem 15 harder than 0



abhsr (H) WG i, 2024

TEBR, SRR

HihidE

1 (1) e locally compact: Vo € X,3 B2 K € A (x), WFR X mHE.
Hausdorff: Vo £y € X,3U,V € Ix,x €U,y € V,UNV = @&, MFH X Hausdorff.
o LM YV € G, fTHV) € Tx, WIFR f A& iEBLMT.
o YK fr AR MPEFEY KEREN g: X - Rz — {f(x)’ €4,
0, x € A°
o supp f: KT f: X > R,supp f = f~L(R — {0}).

(2) Tietze ¥ 5K EH (B 2.9.4.): HIEE (X,.7) £ (T4) 284 B TAE=Z
£ A C XA FNEEESEE [ A — [—1,1] /TS kAN X ERES R
fi X = [=1,1).

(3) NG5 % X = AUB, A, B W&, WK f: X — R &L <= [[4: A—> RIELE

(4) BIFEVEEV 2%4E HKcVcV cX: X & LCH %¥H.

(5) KU(V-V) &V % K CV C X & Hausdorff 1A [EFH, MARLE,
KUV -V)=(KuV)nV £V FrHLE.

(6) (P1s5s) BN LCH Z AR (T4) ,{HV CH = (T4).
supp f C V B[ A T4E.
2 TFTTFTTFTTF
3 (1) VR? =U,Ua, @ # % ={Us} C T, MUy € %, M U5 = {1, .} C |JUs =
a#0
- Un st €U 1<i<n = R = U
1=0

(2) {Ba((p1,p2):9): p1,p2,q € Q}.
(3) (T3)(T4)(A1l) separable v/, (T2) x.

(4) Th = Tiiserete. BN V(u,v) € R? {(u,v)} = u} xR)N(R x {v}) € 74 — F = 2%°.

1



4 (1) (—o0,1): MWLM o, R, (—o00,a] B (—c0,a), H (—o0,a] D (0,1) <= a >
1;(—00,a) D (0,1) <= a>1, M (0,1) = [|(—o00,a] N[ |(—00,a) = (00, 1).

a>1 a>1

(2) Va € R,Vx € f~Y(a,+0), [r,+00) C f~1(a,+0);Vb € R,Vy € f1[b,+00), [y, +00) C
f7b, +00) = fY(a,+00), f7ib,+0o0) € T ,Va,b e R B f &L

(3) W& f(x) > fly),z <y, EREER VL, [t, +oo) BB ¢ BIEm/NIFE, Wz e f1(f(y),
+00) = [z,+00) C [T (f(y), +00), Hy ¢ [ (f(y), +00), FJE.

(4) f #E4: — Vaz, f(z) € (a,b), f([z,+00)) C (a,b) <= f FHHEEEL

5 (1) e 1.83, MATHTN Y1 x Yy BI—MRINE (Vi x Vo Vi € B, Vo € B, Y BAETT

Ny < & (14
KRN 1, f2 B8 = [T1(V1) € Tx,, o' (Vo) € Txy = (fi x fo) ' (Vi x V) =
ffl(V1) % f{l(Vg) € T X Xge (4 47)

(2) YU € Ix,xx,,Vy € f(U), Wl o = (z1,70) € (i X fo) N y)nU, W Jz; € Uy €
Ix,, 00 €Uy € Ty, st. x €Uy xUy CU = y=(f1 X fo)(x) = (fi(xy), fa(z2)) €
f1(Uh) x fo(Us) € f(U), H fi, fo RIS = fi(Uh) € P, fo(Un) € H, =
[1(U1) x f2(Uz) € Py, W y € fF(U) WHAERTE, f(U) € Ryuy,. WH U € Tx,xx,
HIAEZEME, f1 5 o JIFFIUIEE < e (5 4)

Aie. AIMEAHAERR R TN X x Xo B—"MaEE {U, x Uy: Uy € Ix,,Us € I, }
B U TF R0 2 47

(3) Bifi R? —» R Ul HiE fi = idg: R = R, fo: R — {0}, U f; x fo: R? —
R x {0}, (z,y) — (2,0) BEFALE {(x,y): 2y = 1} BLEIEFLE (R — {0}) x {0}. (5 &)

6(1))()%%[}'}%ivxeX’erUcK%’Ueyxj ............................. (2§j\>
MERA B BRI T ERAE R, Ir > 0 5.t B(2,20) C U, »vvvvvvvveeeneeeiins (2 477)
W Br,r) C K R TAE, B e eeeeeeeeeee e (145)

Aid. (i) AEH B(x,r) RHEAEK {y e X: d(y,z) <r}. HTR—HESE f(y) =
dly, =) KEELERE (f (A) € JCA)) , XETTFRRIIIE (Ble, ), BATH {d(y.2): y
€ (B(:L‘,T))} c{d(y,z):y € B(z,r)} C [0,7r] = (B(x,7)) C B(z,r). KXFHERK
AR E X M A4
H—BEN FTXTREERS, flu: EEHEEDNE {01} F, B(0,1) =

o = (B(0,1)) =2 C {1} = B(0,1).

2



PATMEZERNIXE {d(y,2): y € B(z,r)} C [0,r) WREAS. JRTEME {d(y,2): vy
€ B(z,r)} = [0,7) A—%EH (B(z,r)) = B(z,r), flan: £ {-1} U [0,1] H,
d(z,0) = z(¥Yx € [0,1)), 12 (B(0,1)) = [0,1] € {-1} U [0,1] = B(0, 1).
WA NG B, r) FawHERTTEH B(r,r) BRI, (155K
HICRARA B FH AL 5 AR 156 B

(ii) . PSet 5-1(4) JafEL, R4 B(x,r) c U ¢ K KAEHE &2 10 Hausdorff ¥
JRE SR (B(x,r) C K #1143

(2) AN—ELEAE (n,7) 813 B(ap,r) BEEH VYm > 0, d(@p, Tp) < 7oeevveeeeeeeeens (5 97)
AL BlmisE {4}, € (0,1).

(3) (0, 1)+ e e e e e e e (3 4%)
R TR ERER R BB, B0 [0, 1] BYARMI TSR] oo (2 47)
AR, A K, R PSet6-2(2)(b) (i), Q AJEEBE.

(4) V{z,} Cauchy F. B 7> 0 8 Blay, 1) B, overeeeraneea (2 4%)

H Vm,n> N,d(x,, z,) <,
BRI £ (X, d) — (X, d) s.t. f(z1) = an, W Blay,r) = f <B(x1,r)> (2 49)
W B(xy,r) 8% = {@n},on C Blan,r) f£ Blay,r) TS << £ X st

W Cauchy 51 {x,} BT REIE, X Z88 v (1 49)

(5) X JEEZRE = B 2421, Tog = Tog.rrrrrrrrrrrra e, (1 ﬁ\)
Vfe Isom(X d),Vro € X, ATEH f I F = B(f;{xo},c) .

Vge F,x,y € X,d(g(x),g9(y) =d(x,y), Bl .F (BR) GEESL. o oooeevnn (2 43)

d(g(z), f(w0)) < d(g(x), g(wo))+d(g(w0), f(20)) < d(w,20)+¢ = Fo C B(f(wo),d(x,

To) + &) BRTE, MR 2.5.8, F FHE. - oovvve (2 47)

7 (1) RAEEA. do(f(u), f(c)) + do(f(s), f(c)) = do(f(u), f(s)) = [fle) &N f(u), f(s)

B TFIEE F(0) A F(w), F(£) F, TIE v (5 4%)

(2) RRUEH 2.7.11 WHIERT: BRE fi(z) = d(@s, ). oo oeerrre (3 47)

M doc( 23), f2)) = max (i) = feleg)| = max |d(e, a0) = d(ay, )] 8 |- | B

AR, doo (f (), f(xj))_d(xi,xj), ......................................... (14

H k=180 WSSOI, 8 do(f(z:), f(z;)) < d(zg,z;), BF f 25RO - (1 7))



8 FyE 1.

RV 2.

HgitthE L Ag= A, Ay = f(A) #0, MACX = A C A, ¥INESE H

X Hausdorff = A, . ZE A= ﬂ Y T (5 ﬁ;})
neN
TTEHETS 2,17, A 2 @ e (193)
NE f(A )—A NPKR.
—J51H, f(A ﬂ f(A ﬂ Api = Av e (2 4%)
neN neN

AL Yy € A Vn e Ny € fon(X) <= 7 y) N fu(X) NEAER MR, 58
') D Y y)nAD - D y)nA, D - MR 217, f7Hy) N A=

ﬂ(f_l(x)ﬂAn)?éQ < dreAst f(x)=y, Bl AC f(A). - evvnnn- (2 4)
neN

HEGITE (F = {04 MTHEACK: f(A) CA},<), HF A < 4 —
Al D Ay o (5 ﬁj\)
M H it 2.1.6, V%ﬁ%%{fl}wmA S R R (2@\)
Hf(ﬂA> ﬂf CﬂAa, Ep ﬂA HA{AS, EF (14)

Wl Zorn FIFE, / m&m B. # f( ) & B, W & # f(f(B) C f(B)
Hausdorff A& T4, i = f(B)e ¢, H B> f(B), 5 B thRMF !
BB = F(B) AR oo (2 4%)
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