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25.>] 5.1(3 POINTS EACH, 30 POINTS IN TOTAL) Reading comprehension. Here is a part from our course notes.
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AP ‘and‘ Hausdorff %5 [i] ‘
o “Amaps f: X > Yisa between topological spaces” means:
e “Apointp € Aisa of a subset A in a topological space X means:

o “A topological space X is a| Hausdorff %%[f] [” means:

2. (4 x 1.5")Here are some useful criteria for a set to be compact:

1. (3 x 3')Write down the definitions of ’ 7] {1

d

(a). The image of a compact set under continuous map is compact;
(b). Any finite union of compact set is compact;
(c). Any closed subset of a compact set is compact;
(d). Any bounded closed set in Euclidean space is compact;
(e). Any product of compact spaces is compact.
Explain why the four sets above (marked with underlines) are compact:
o The reason for B™ /&% is:

o The reason for f(B™) &% 1] is:

o The reason for 3¢ s&'B&H is:
o The reason for ¥ J& % [ is:
3. (2 x 3")Write down the full statements of two theorems (marked with wavelines) above.
o Brower XA i 5t
o Stone-Weierstrass & H:

4. (3 x 3')There are three /7L - - - - - - above. Fill in the blanks.
o The reason for fJ ARTIUELSEIAS £ B2 = f(BT) j2. /L is:
A corollary of the closed mapping lemma: If Xis _ ,Yis__ ,and f: X — Y iscontinuousand ___,

then f is a homeomorphism.

Tietze extension theorem: If X is ,AC X s and f: A > Ris , then f admits a continuous

extension g: X — R.



5.

(1 x 3")Write down a proof for the statement WXt FAL5 v € 3. $H g(y) £ 0.

# 25>] 5.2(2 POINTS EACH, 20 POINTS IN TOTAL) Which of the following statements are correct? Write a “T” before each

correct statement, and write an “F” before each wrong statement. (No details needed)

1.

Let X be a topological space, and A C X, then the subspace topology on A is the weakest topology on A so that the inclusion
map ¢: A — X is continuous.

Let A, B are subsets of a topological space X. If A is homeomorphic to B, then A is homeomorphic to B.

3. If X is Hausdorff and Y = X/ ~ is a quotient space of X, equipped with the quotient topology, then Y is Hausdorff.

Suppose a map f: X — Y satisfies “for any compact subset X C X, the restriction f|x: K — Y is continuous”, then
f: X — Y is continuous.

Any closed subset in a paracompact({/j %) space is paracompact.

. If each X, is connected, then (][, X«, Zhos) is connected.

A locally Euclidean space is connected if and only if it is path connected.

8. Any topological space can be embedded into a contractible(7] 4#) space.
9. The boundary circle of a Mbius banc is a retract(t4i#%) of the Mbius band.

10.

11.

A topological space X is semi-locally simply connected(*f: /5 #B 1% i8) if and only if for any = € X, there is an open neigh-
borhood U of « such that w1 (U, z) = {e}.

For any Jordan curve J in S?, S\ J has exactly two connected components.

#9 %5>] 5.3(4 POINTS EACH, 20 POINTS IN TOTAL) Write down examples that satisfy the given requirements: (No details needed)

1.
2.
3.
4.

5.
6.

A surjective continuous map f: Q — Z. both Q and Z are equipped with the standard topology

A countable family of subsets A, in R? such that Ua A, # m

A topological space that is compact but not sequentially compact.

A topology .7 on R so that (R, .77) is separable(n] [, first countable but not second countable.[You need to write down .7,
or at least a basis of 7]

A covering map f: (0,2025) — S

A continuous injective map f: R — R? such that f: R — f(R) is not a homeomorphism.

# %5.>] 5.4(15 POINTS.) Consider the following subsets in RZ:

1

2.

3

X={(z,y,2): 2 +y° + 22 =1,2> 0},
Xn :XU{(%%Z): 2 +y2<1,2=0,1,--- ,n},
Koo :XU{(J«",y,z): 2+ <1,2=0,1,---}.
Write down the fundemental group of X and X, with brief explanation.

Compute the fundemental group of X, for n € N vie Van Kampen theorem.

What is the fundemental group of X.,? Prove your assertion.

# %5 3] 5.5(15 POINTS) Recall: two topological space X and Y are homotopy equivalent is there exists continuous maps f: X — Y
andg: Y — X,sothatgo f ~Idyx and f o g ~ Idy.

1.
2.

3.

Explain the meaning of the symbol ~ (homotopy equivalence between maps).
Show that compactness is not invariant under homotopy equivalence by proving ( WITH ALL DETAILS) that B™ is homotopy
equivalant to R”.

Suppose X and Y are homotopy equivalent. Prove: If X is path connected, then Y is path connected.

#  #:>] 5.6(20 POINTS) [Recall: two metrics on a set are topologically equivalent if they generate the same topology.]

1.

Prove: the following two bounded metrics

z Y
l+z 1+y
on R, are topologically equivalent. No need to prove they are bounded metrics on R.

dl(xvy) :min{lam’*y”a d?(x>y) =
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2. For any set S and any bounded metric space (X, d), show that

D(f,g) = Sup d(f(x),g(x))

is a metric on the set of maps M(S, X) = {f: S — X: fis amap}.
x, x<mn;

3. Let S = X = R and consider the maps f,(z) = . Let foo(x) = x be the identity maps. Prove:f, — fo in
n, rTz=n

respect to Da(f,g) = SUP R, da(f(s),9(s)).

4. Let D1(f,g) = sup,ep, di(f(),g(x)). Prove: Di(fn, foo) = 1 for all n. Then write one sentence that summarize what
you observed from this problem.

#:3] 5.7(10 POINTS)
1. Prove: There exists no continuous injective map from S? — T2,
2. Prove: There exists no continuous injective map from T? — S2.
%5 >] 5.8(15 POINTS) Consider the three following subsets in R2:

2
X, = {(z,sin—: 0 <z < 1)},
T
Xo={(0,y): —1<y<1},
2 2
1 15 2
ng{(x,y): r—=3 + y+7 :() 7y<0}
2 16
The set X := X7 U X5 is known as “topologist’s sine curve”, and the set Y = X; U X5 U X3 is konwn as “Warsaw circle”.
1. Construct a continuous map f: X; — X that has no fixed point.

2. Show that any continuous map f: X — X has a fixed point.

3. Show that Y is simply connected but not contractible.
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