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)
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)
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∫ 1

0

x ln(1 + x2) dx (5 ©)

= ln 2− 1

2
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(1)

∫ +∞

0

e−x sinx dx;

) ©ÜÈ©∫ +∞

0

e−x sinx dx = −e−x sinx
∣∣∣+∞
0

+

∫ +∞

0

e−x cosx dx
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0
−
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0
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2
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(2)

∫ +∞

−∞

dx

(1 + x2)2
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dx

(1 + x2)2
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0
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2

0
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=

∫ π
2

0

(1 + cos 2t) dt =
π
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∫ π
2

−π
2

ex cosx

ex + 1
dx

) |^é¡5∫ π
2

−π
2

ex cosx
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2

0
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∫ π
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0

e−x cosx
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dx =

∫ π
2

0
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∫ +∞

0

dx
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) ò[0,+∞) ©)� [0, 1] Ú [1,+∞) ¿é3 [1,+∞)þÈ©�� x =
1

t
:∫ +∞

0

dx
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=

∫ 1

0
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∫ +∞
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=

∫ 1

0

dx
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+

∫ 1

0

t2025
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=

∫ 1

0

dx
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π
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n. (10©) ¦)�§y′′ − 2y′ − 3y = −10 cosx ÷vÐ�^�y(0) = 0, y′(0) = 1 �A

).

) àg�§ y′′ − 2y′ − 3y = 0�A��§� λ2 − 2λ − 3 = 0, Ïdàg�§Ä

�)|� e3x, e−x. (........... 3 ©)

�¦�§A), -y0(x) = a sinx + b cosx, Ù¥ a, b �½. �\�§¿'

�sinx, cosx cXê� a = 1, b = 2. (........... 4 ©)

Ïd�§�Ï)�

y(x) = sin x+ 2 cosx+ C1e
3x + C2e

−x,

d

y(0) = 2 + C1 + C2 = 0, y′(0) = 1 + 3C1 − C2 = 1
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)�C1 = −
1

2
, C2 = −

3

2
, ¤±÷vÐ©^��)�

y(x) = sinx+ 2 cosx− 1

2
e3x − 3

2
e−x,

(........... 3 ©)

o. (10©) � f(x) = ln2(1 + x), ¦ f (n)(0) (n ≥ 0).

) (1) f ′(x) = 2
ln(1 + x)

1 + x
, ©Oòln(1 + x),

1

1 + x
3x = 0 Ðm¿�¦�

f ′(x) = 2
∞∑
n=1

(−1)n−1

n
xn

∞∑
n=0

(−1)nxn =
∞∑
n=1

cnx
n,

f(x) =
∞∑
n=1

cn
n+ 1

xn+1

Ù¥

cn = 2
n∑
k=1

(−1)k−1

k
(−1)n−k = 2(−1)n−1

n∑
k=1

1

k

Ïdf(0) = 0, f ′(0) = 0, (........... 2 ©)

f (n)(0) = (n− 1)!cn−1 = 2(n− 1)!(−1)n
n−1∑
k=1

1

k
, (n > 1).

(........... 8 ©)

Ê. (10©) ¦
∞∑
n=1

(−1)n−1

n(2n− 1)
x2n �Âñ«�±9Ú¼ê.

) ∣∣∣ (−1)n

(n+ 1)(2n+ 1)
x2n+2

∣∣∣/∣∣∣ (−1)n−1
n(2n− 1)

x2n
∣∣∣ = n(2n− 1)

(n+ 1)(2n+ 1)
x2 → x2,

ÏdÂñ�»R = 1, � x = ±1 �, w,ýéÂñ,

ÏdÂñ«�� [−1, 1]. (........... 4 ©)

PS(x) =
+∞∑
n=1

(−1)n−1

n(2n− 1)
x2n, K S ′(x) = 2

∞∑
n=1

(−1)n−1

2n− 1
x2n−1 = 2arctanx,

XJwØÑ5, ��UY¦�

S ′′(x) = 2
+∞∑
n=1

(−1)n−1x2n−2 = 2
+∞∑
n=1

(−x2)n−1 = 2

1 + x2
,
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3[0, x] (|x| ≤ 1) þÈ©¿5¿�S(0) = 0, S ′(0) = 0, Ïd

S ′(x) = 2

∫ x

0

dt

1 + t2
= 2arctanx,

S(x) =

∫ x

0

2 arctan t dt = 2x arctanx− 2

∫ x

0

t

1 + t2
dt = 2x arctanx− ln(1 + x2)

ÏÚ¼ê3[−1, 1] þëY§¤±

+∞∑
n=1

(−1)n−1

n(2n− 1)
x2n = 2x arctanx− ln(1 + x2) x ∈ [−1, 1]

(........... 6 ©)

8. (8©) ?Ø?ê
∞∑
n=1

ln

(
1 +

1

1 + n2x

)
3(0, 1) þ�Âñ5!��Âñ59Ú¼

ê�ëY5.

) ù´��?ê. Ï� ln
(
1 + 1

1+n2x

)
< 1

1+n2x
< 1

n2x
(x > 0), �, d

∞∑
n=1

1

n2

Âñ, ���?ê3 (0, 1) Âñ. (........... 3 ©)

Ï�

sup
0<x<1

ln

(
1 +

1

1 + n2x

)
= ln 2 6→ 0 (n→∞),

¤±�?ê3 (0, 1) þØ��Âñ. (........... 3 ©)

é?¿ δ ∈ (0, 1),

ln

(
1 +

1

1 + n2x

)
<

1

1 + n2δ
<

1

n2δ
(x ∈ [δ, 1)).

d Weierstrass �O{��, �?ê3 [δ, 1) þ��Âñ. ?ê�Ï�3T«m

þëY, �, �?ê�Ú¼ê3T«mþ�ëY. u´, �?ê�Ú¼ê3 (0, 1)

þëY. (........... 2 ©)

Ô. (10©, z�K5©) � un =

∫ 1

0

dx

(1 + sin x)n
(n ≥ 1),

(i) y²ê�{un} Âñ, ¿¦4� lim
n→∞

un.

(ii) y²?ê
∞∑
n=1

(−1)nun ^�Âñ.

y² (i) d 2
π
x 6 sinx (0 6 x 6 π

2
), �� n > 2 �,

0 6 un =

∫ 1

0

1

(1 + sin x)n
dx 6

∫ 1

0

1

(1 + 2
π
x)n

dx =
1

n− 1
· π
2
.
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�, lim
n→∞

un = 0.

(ii) w, {un} ´üN4~�, Ïdd Lebniz ½n�
∞∑
n=1

(−1)n−1un Âñ. 2�

â sinx 6 x (0 6 x 6 π
2
), �

un =

∫ 1

0

1

(1 + sin x)n
dx >

∫ 1

0

1

(1 + x)n
dx =

1

n− 1

(
1− 1

2n−1

)
.

d
∞∑
n=1

1

(n− 1)2n−1
Âñ,

∞∑
n=1

1

n− 1)
uÑ,��

∞∑
n=1

unuÑ.�,?ê
∞∑
n=1

(−1)n−1un

^�Âñ.

l. (12©, z�K6©) (1) � 0 < α < 1, f(x) 3[1,+∞) þ�K!ëY, �

f(x) ≤ α +

∫ x

1

(
f(t)

t

)2

dt (x ≥ 1),

¦y: f(x) ≤ α

1− α
(x ≥ 1).

(2) � α > 0, f(x) 3[0, 1] þüNO. ¦y

∫ 1

0

(1− x)αf(x) dx ≤ α

∫ 1

0

(1− x)α−1xf(x) dx.

y² £1¤� F (x) = α +

∫ x

1

(
f(t)

t

)2

dt, K F (x)��, F (1) = α, f(x) ≤

F (x) (x ≥ 1),

F ′(x) =

(
f(x)

x

)2

≤
(
F (x)

x

)2

.

(........... 2 ©)

F ′(x)

F 2(x)
≤ 1

x2
,=⇒ 1

α
− 1

F (x)
≤ 1− 1

x
,

=⇒ f(x) ≤ F (x) <
1

1
α
− 1 + 1

x

<
α

1− α
(x ≥ 1).

(........... 4 ©)
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(2) ∫ 1

0

(1− x)αf(x) dx− α
∫ 1

0

(1− x)α−1xf(x) dx

=

∫ 1

0

(1− x)α−1[1− (α + 1)x]f(x) dx

=

∫ 1
1+α

0

(1− x)α−1[1− (α + 1)x]f(x) dx

+

∫ 1

1
1+α

(1− x)α−1[1− (α + 1)x]f(x) dx

≤
∫ 1

1+α

0

(1− x)α−1[1− (α + 1)x]f

(
1

1 + α

)
dx

+

∫ 1

1
1+α

(1− x)α−1[1− (α + 1)x]f

(
1

1 + α

)
dx

=f

(
1

1 + α

)∫ 1

0

(1− x)α−1[1− (α + 1)x] dx

=f

(
1

1 + α

)∫ 1

0

(x(1− x)α)′ dx = 0

y{2 (Øí2�:

� ϕ(x) 3 [a, b] þëY��, ϕ′(x) 6 0, ϕ(b) = 0. q� f(x) 3 [a, b] üN4O.

¦y: ∫ b

a

ϕ(x)f(x) dx 6
∫ b

a

(a− x)ϕ′(x)f(x) dx. (1)

y² (i) ky� f ´üN4O�ëY¼ê�, (1) ª¤á. d�
∫ x
a
f(t) dt ´ f

��¼ê, �
∫ x
a
f(t) dt 6 (x− a)f(x). d©ÜÈ©{∫ b

a

ϕ(x)f(x) dx = ϕ(x)

∫ x

a

f(t) dt

∣∣∣∣b
a

−
∫ b

a

ϕ′(x)

(∫ x

a

f(t) dt

)
dx

= −
∫ b

a

ϕ′(x)

(∫ x

a

f(t) dt

)
dx 6 −

∫ b

a

(x− a)ϕ′(x)f(x) dx.

(........... 3 ©)

(ii) 2y� f ´���üN4O¼ê�, (1) �¤á. e (1) Ø¤á, K

ε :=

∫ b

a

ϕ(x)f(x) dx+

∫ b

a

(x− a)ϕ′(x)f(x) dx =

∫ b

a

[(x− a)ϕ(x)]′ f(x) dx > 0.
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� M > 0 ¦�
∣∣[(x− a)ϕ(x)]′∣∣ 6 M. Ï� f 3 [a, b] þ�È�4O, ¤±�3

[a, b] þüN4O�ëY¼ê g(x) ¦�∫ b

a

|f(x)− g(x)| dx < ε

M
.

d (i) ¥¤y (1) ªéüN4O�ëY¼ê f ¤á. �, k∫ b

a

[(x− a)ϕ(x)]′g(x) dx 6 0.

Ï

ε 6
∫ b

a

[(x− a)ϕ(x)]′f(x) dx−
∫ b

a

[(x− a)ϕ(x)]′g(x) dx

=

∫ b

a

[(x− a)ϕ(x)]′(f(x)− g(x)) dx

6M

∫ b

a

|f(x)− g(x)| dx

< M · ε
M

= ε.

ù´gñ! u´, (Ø�y. (........... 3 ©)
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