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(1) � ϕ(u) =

∫ u2

u

sin(ux)

x
dx§Á¦ϕ′(u).

)µdux = 0´
sin(ux)

x
���mä:§Ïdé∀(x, u) ∈ R2 ÑëY§lk
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∫ u2

u
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2 sinu3

u
− sinu2

u
=

3 sinu3 − 2 sinu2

u
.
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[ eλx
2

+ lnx cos2
x

λ
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0
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0

lnx
1 + cos 2λ−1x

2
dx = 1 +
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2

∫ 1

0

lnxdx =
1

2
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(3) lim
n→+∞

∫ 1

0

1
n
√
1− xn

dx.

): -t = xn�§¦^{�úª��§

�ª= lim
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∫ 1

0

(1− t)−1/nt1/n−1

n
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1

n
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1

n
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n
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π/n

sin π
n
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∫ +∞

1

f(x)dxÚ

∫ +∞

1

f ′(x)dxÑÂñ§K

lim
x→+∞

f(x) = 0.

Proof. PL :=

∫ +∞

1

f ′(x)dx§u´d½Â�µ

L = lim
b→+∞

∫ b

1

f ′(x)dx = lim
b→+∞

f(b)− f(1),



ùL² lim
b→+∞

f(b) = L+ f(1) := A �3�k�"£5©¤

eA 6= 0§Ø�� A > 0§d½Â�§éuε = A
2
§�3M > 1§¦�

�x ≥M�§kA
2
< f(x) < 3A

2
§Ïdé∀b > M k∫ b

1

f(x)dx =

∫ M

1

f(x)dx+

∫ b

M

f(x)dx >

∫ M

1

f(x)dx+
A

2
(b−M).

-b→ +∞§l�
∫ +∞
1

f(x)dxuÑ§gñ�Ón�� A < 0Ø1§u´k

A = 0. £5©¤

n! (15©) ò¼ê f(x) =

 1, |x| < 1

0, 1 ≤ |x| ≤ π
3 [−π, π] þÐm¤Fourier?ê§

¿dd¦?ê

∞∑
n=1

sinn

n
�

∞∑
n=1

sin2 n

n2
�Ú.

Proof. Ï�f(x)´ó¼ê§¤± bn = 0.

a0 =
2

π
, an =

2

π

∫ π

0

f(x) cos(nx)dx =
2

π

sinn

n
, n = 1, 2, · · · . £5©¤
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π
+
∞∑
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2 sinn

nπ
cos(nx) =


1, |x| < 1

1
2
, |x| = 1

0, 1 < |x| ≤ π.
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n
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π − 1

2
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2
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+
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4 sin2 n

n2π2
=

2

π

∫ π

0
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2

π
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∞∑
n=1

sin2 n
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=
π − 1

2
. £5©¤
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esinx cosx

xp
dx, p > 0

ýéÂñÚ^�Âñ�ëêp�����.

Proof. (1). � p > 1�§5¿� |e
sinx cosx

xp
| ≤ e

xp
Ú

∫ +∞

1

e

xp
dx Âñ§d'

��O{�ýéÂñ" £5©¤

(2). �0 < p ≤ 1�§^�Âñ"�ÏXeµ

5¿� |
∫ A

1

esinx cosx

xp
dx = esinA − esin 1| ≤ 2 k.§ lim

x→+∞

1

xp
= 0�ü

N§dDirichlet�O{�Âñ" £5©¤

,��¡§5¿�

∫ +∞

1

1

e xp
dx uÑ!

∫ +∞

1

cos 2x

e xp
dx ÂñÚ

|e
sinx cosx

xp
| ≥ cos2 x

e xp
=

1

e xp
+

cos 2x

e xp

Ïd

∫ +∞

1

|e
sinx cosx

xp
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Ê! (20©) Áyµ�~È© ∫ +∞

0

ln(1 + 2024x2)

1 + x2
dx

Âñ§¿¦Ù�.

Proof. -

f(α, x) =
ln(1 + αx2)

1 + x2
, I(α) =

∫ +∞

0

f(α, x)dx, α ≥ 0.

(1). éu�½�α§5¿� lim
x→+∞

ln(1 + αx2)√
x

= 0§u´�3 c > 0 ¦�

0 ≤ ln(1 + αx2)

1 + x2
< c

√
x

1 + x2
.



qdu

∫ +∞

0

√
x

1 + x2
dx Âñ§Ïdd'��O{�

∫ +∞

0

ln(1 + αx2)

1 + x2
dxÂ

ñ" £4©¤

(2). �½A > 2024§�α ∈ [0, A]�§5¿�

ln(1 + αx2)

1 + x2
≤ ln(1 + Ax2)

1 + x2
,

(Ü(1)��§

∫ +∞

0

ln(1 + αx2)

1 + x2
dx 'uα3[0, A]þ��Âñ"q f(α, x) ∈

C([0,∞)× [0, A])§l

I(α) ∈ C([0, A]), I(0) = 0. £4©¤

(3). äóµ

∫ +∞

0

∂

∂α
f(α, x)dx 3α ≥ α0 > 0þ��Âñ"�ÏXeµ£4©¤

| ∂
∂α

f(α, x)| = | x2

(1 + x2)(1 + αx2)
| ≤ 1

α(1 + x2)
≤ 1

α0(1 + x2)
.

Ïdk§

I ′(α) =

∫ +∞

0

x2

(1 + x2)(1 + αx2)
dx =

π

2
√
α(
√
α + 1)

, α > 0.

)�§ I(α) = π ln(
√
α + 1) + C§α > 0. £4©¤

(4). ?�Ú§dI(α)�ëY5�� C = 0§l��

I(α) = π ln(
√
α + 1), I(2024) = π ln(

√
2024 + 1). £4©¤
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f(x) = f(x+ 2) = f(x+
√
2), ∀x ∈ R

þ¤á§Áyµf(x) =~ê.

Proof. d f(x) ��Ú f(x) = f(x+ 2) k £2©¤

f(x) =
a0
2

+
∞∑
n=1

(
an cos(nπx) + bn sin(nπx)

)



ùp

an =

∫ 1

−1
f(x) cos(nπx)dx, bn =

∫ 1

−1
f(x) sin(nπx)dx.

� n ≥ 1 �§d f(x) = f(x+
√
2) ��e¡�'Xª £3©¤

an =

∫ 1

−1
f(x+

√
2) cos(nπx)dx = an cos(

√
2nπ) + bn sin(

√
2nπ),

bn =

∫ 1

−1
f(x+

√
2) sin(nπx)dx = bn cos(

√
2nπ)− an sin(

√
2nπ),

dd)� an = bn = 0, n ≥ 1§Ïdf(x) =
a0
2
. £3©¤
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ϕ(u) =

∫ 1

0

f(x)√
|x− u|

dx

3(0, 1)þëY. =aq/§�±y²3��¢¶þÑëY>

Proof. du f(x)3[0, 1]þk.§Ø�� |f(x)| ≤ M"5¿�

∫ 1

−1

dt√
|t|

= 4§

Ïdéu?¿�½� ε > 0§7�3 η > 0§¦�∫ 2η

−2η

dt√
|t|

<
ε

3M
.

?� u0 ∈ (0, 1)§�Iy² lim
u→u0

ϕ(u) = ϕ(u0)"e¡Ø�� u ∈ (u0 −

η, u0 + η) ⊂ (0, 1)"5¿�

(1). � x ∈ (u0 − η, u0 + η) �§∫ u0+η

u0−η

|f(x)|√
|x− u|

dx ≤
∫ u0+η

u0−η

M√
|x− u|

dx =

∫ u0−u+η

u0−u−η

M√
|t|

dt ≤
∫ 2η

−2η

M dt√
|t|

<
ε

6
.

(2). � x ∈ [u0 + η, 1] �§K'uCþu�¼ê
1√
|x− u|

3 [u0 − η
2
, u0 +

η
2
]þ

��ëY"u´éuþã�ε§�3δ1 > 0 (�xÃ')§¦�� |u − u0| < δ1

�§k

| 1√
|x− u|

− 1√
|x− u0|

| < ε

3M
.



l ∫ 1

u0+η

| 1√
|x− u|

− 1√
|x− u0|

||f(x)|dx < ε

3
.

(3). Ón§�x ∈ [0, u0 − η] �§�3δ2 > 0 (�xÃ')§¦�� |u− u0| < δ2

�§k ∫ u0−η

0

| 1√
|x− u|

− 1√
|x− u0|

||f(x)|dx < ε

3
.

nþ§�|u− u0| < min{η
2
, δ1, δ2} �§k

|ϕ(u)− ϕ(u0)| =

(∫ u0−η

0

+

∫ u0+η

u0−η
+

∫ 1

u0+η

) ∣∣∣ f(x)√
|x− u|

− f(x)√
|x− u0|

∣∣∣dx
≤ M

(∫ u0−η

0

+

∫ 1

u0+η

) ∣∣∣ 1√
|x− u|

− 1√
|x− u0|

∣∣∣dx
+ M

∫ u0+η

u0−η

∣∣∣ 1√
|x− u|

+
1√
|x− u0|

∣∣∣ < ε.
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