Riemannian Geometry (Spring, 2023)
Final Exam

Name: No.: Department:
.All Riemannian manifolds are assumed to be connected.

1. (15 marks) Let My be a complete simply-connected Riemannian manifold
with constant sectional curvature k > 0. Let

2 ]
0, —=| o M
vi[o. 2%
be a normal geodesic. Answer the following questions directly without proofs.
(i) Which point is the cut point of 4(0) along v?
(ii) What is the index of v?
(iii) What is the injectivity radius of M;?

2. (15 marks) Let (M,g) be a Riemannian manifold with nonnegative Ricci
curvature and f : M — R be a harmonic function. Suppose that the gradient
vector field gradf has constant norm. Show that gradf is parallel.

3. (15 marks) Suppose that (M ,9) and (M, g) are two Riemannian manifolds
and 7 : M — M is a Riemannian covering map. Show that (M, g) is complete if
and only if (M,g) is complete.

4. (20 marks) Let (M, g) be a complete Riemannian manifold, and let N ¢ M
be a compact submanifold of M without boundary. Let po € M \ N, and let

d(po, =3 ,
(po, N) o= inf d(po, )
be the distance from py to N. Show that there exists a point go € N such that

d(po, 90) = d(po, N).
Moreover, a minimizing geodesic v : [a,b] = M which joins pg to go is orthogonal

to N at qo, that is, g(§(b),V) =0, for any V € To, N C Ty, M.
1

CSEtrFy s


https://v3.camscanner.com/user/download

5. (25 marks) Let (M, g) be a Riemannian manifold, and v : [0,£] - M be a
normal geodesic. We say that a vector filed U(t) along < is almost parallel if
there exists a parallel vector field V' (¢) along « such that

U(t) = f(t)V(t), for some f € C*(M).

(i) Prove that if M has constant sectional curvature k, then any normal Jacobi
field U(t) along 7 with U(0) = 0 is almost parallel.

(ii) Let (M, g) be a complete simply-connected Riemannian manifold with con-
stant sectional curvature —1. Calculate the volume of the geodesic ball
with radius R.

6. (30 marks)
Let (M, g) be a complete noncompact Riemannian manifold with non-negative

sectional curvature.

(i) For any given ¢ € M, show that there exists a ray emanating from g, i.e. a
normal geodesic v : [0,00) — M with v(0) = q and d(q,~y(t)) =t for any t > 0.

(ii) Let 7 : M — R be the Busemann function with respect to the ray 5. Let
P € M be any given point and £ : (—a,a) - M be a given normal geodesic with
£(0) = p. For any e > 0, show that there exists a lower barrier g, for b” at p such

that
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