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(1) ¦Ø½È©

∫
|x| dx.

)µ�ª=

 1
2
x2, x > 0

−1
2
x2, x < 0

+ C.

(2) ¦Ø½È©

∫
x+ 1

x2(x− 1)
dx.

)µd x+1
x2(x−1) =

−2
x
+ −1

x2
+ 2

x−1§�ª= −2 ln |x|+ 1
x
+ 2 ln |x− 1|+ C.

(3) ¦½È©

∫ 1

−1

x2 + x3

1 +
√
1− x2

dx.

)µ�ª=

∫ 1

−1

x2

1 +
√
1− x2

dx = 2

∫ 1

0

x2
(
1−
√
1− x2

)
1− (1− x2)

dx = 2−2
∫ π

2

0

cos2xdx = 2− π

2
.

(4) ¦4� lim
n→∞

n∑
k=1

π
4n
sec2

(
k·π
4n

)
.

)µ�ª=

∫ π
4

0

sec2xdx = tanx

∣∣∣∣∣∣
π
4

0
= 1.

(5)

∫ +∞

0

x3e−x
2

dx.

)µ�ª= 1
2

∫ +∞

0

te−tdt =
1

2
.

(6) ¦(1 + x2) ln(1 + x2)�Maclaurin?ê§¿¦ÙÂñ�».

)µ�ª= (1 + x2)
∞∑
n=0

(−1)n
n+1

x2(n+1) = x2 +
∞∑
n=2

(−1)n
(n−1)nx

2n.

Âñ�»R = lim
n→∞

1
n
√

1/(n−1)n
= 1.

�!(10 ©) ¦~�©�§y′′ − 3y′ + 2y = ex�Ï).

)µéAàg�§�A��§�λ2− 3λ+ 2 = 0⇒ λ1 = 1, λ2 = 2. �àg�§�Ï)

� yh = c1e
x + c2e

2x.

�â�àg�A:§����§kA) y∗ = x · (cex). �\�µ

cex (x+ 2− 3(x+ 1) + 2x) = ex ⇒ c = −1⇒ y∗ = −xex.

�¤¦Ï)�y = yh + y∗ = c1e
x + c2e

2x − xex, c1, c2�?¿~ê.
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n!( 12 ©) ®�­�y =
ex + e−x

2
(0 ≤ x ≤ 1).

(1)¦­���Ý¶

(2)¦d�½­�Ú�� x = 0, x = 1, y = 0�¤�²¡ã/7X¶^=�±¤�áN

�NÈ.

)µ(1)s =

∫ 1

0

√
1 + y′2(x)dx =

∫ 1

0

√
1 +

(
ex−e−x

2

)2
dx =

∫ 1

0

ex + e−x

2
dx =

e2 − 1

2e
.

(2)V =

∫ 1

0

πy2dx = π

∫ 1

0

(
2 + e2x + e−2x

4

)
dx =

π

8

(
4 + e2 − e−2

)
.

o!(�K 10 ©) ¦�?ê
∞∑
n=1

xn

2n− 1
�Âñ��Ú¼ê.

)µÂñ�»� 1

lim
n→∞

n
√

1/2n−1
= 1, Âñ��[−1, 1). �S(x) =

∞∑
n=1

xn

2n− 1
.

x ∈ [0, 1)�§-x = t2(t ≥ 0)§K

S(t2) = t
∞∑
n=1

t2n−1

2n− 1
⇒
(
S(t2)

t

)′
=
∞∑
n=1

t2n−2 =
1

1− t2
.

dS ′(t2)|t=0 = 0��µS(t2) = t

∫ t

0

1

1− u2
du =

t

2
ln

1 + t

1− t
⇒ S(x) =

√
x

2
ln

1 +
√
x

1−
√
x
;

x ∈ [−1, 0)�§-x = −t2(t > 0)§K

S(−t2) = t
∞∑
n=1

(−1)n

2n− 1
t2n−1 ⇒

(
S(−t2)

t

)′
=
∞∑
n=1

(−1)nt2n−2 = − 1

1 + t2
.

dS ′(t2)|t=0 = 0��µS(−t2) = −t arctan t⇒ S(x) = −
√
−x arctan

√
−x.

nÜ�§Ú¼ê�S(x) =


√
x
2
ln 1+

√
x

1−
√
x
, x ∈ [0, 1)

−
√
−x arctan

√
−x, x ∈ [−1, 0)

.

Ê!(8 ©) �f(x)3[0, 1]þ���¼êëY§f(0) = f(1) = 0. y²µ∫ 1

0

|f ′′(x)| dx ≥ 4 max
x∈[0,1]

|f(x)|.

y²µ�|f(x)|����:�x0§Ø��x0 6= 0, 1£ÄKf(x) ≡ 0§(Øw,¤á¤.

dLagrange¥�½n§∃ξ1 ∈ (0, x0), ξ2 ∈ (x0, 1), s.t.f(x0)− f(0) = f ′ (ξ1)x0

f(1)− f(x0) = f ′ (ξ2) (1− x0)
⇒

 f ′ (ξ1) =
f(x0)
x0

f ′ (ξ2) =
−f(x0)
1−x0

u´

∫ 1

0

|f ′′(x)|dx| >
∫ ξ2

ξ1

|f ′′(x)|dx >

∣∣∣∣∫ ξ2

ξ1

f ′′(x)dx

∣∣∣∣ = |f ′(ξ2)− f ′(ξ1)|
=
∣∣∣f(x0)x0

+ f(x0)
1−x0

∣∣∣ = |f(x0)|
x0(1−x0) > 4 |f(x0)| = 4 max

x∈[0,1]
|f(x)|.
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8!(14©) � un =

∫ 1

0

dt

(1 + t2)n
(n > 1).

(1) y²ê� {un} Âñ, ¿¦4� lim
n→∞

un;

(2) y²?ê
∞∑
n=1

(−1)nun ^�Âñ;

(3) y²�p ≥ 1�?ê
∞∑
n=1

un
np Âñ§¿¦?ê

∞∑
n=1

un
n
Ú.

y²µ(1)w,unüN4~�ke.0§�{un}Âñ. (2©)

∀ε > 0, ∃N ∈ N, s.t.�n > N�§ 1
(1+ε2)n

< ε. ��n > N�§

0 < un =

∫ ε

0

dt

(1 + t2)n
+

∫ 1

ε

dt

(1 + t2)n
< ε+

1− ε
(1 + ε2)n

< ε+
1

(1 + ε2)n
< 2ε.

= lim
n→∞

un = 0.

5µ3¤õO�4���/e§1�é�±´õ{�.

(2){un}üN4~ªu0§dLeibniz�O{�
∞∑
n=1

(−1)nun Âñ;��n ≥ 2�,

un =

∫ 1

0

dt

(1 + t2)n
>
∫ 1

0

dt

(1 + t)n
=

1

n− 1

(
1− 21−n

)
∼ 1

n
(n→∞).

∞∑
n=1

1

n
uÑ§d'��O{�

∞∑
n=1

unuÑ. nÜ�§
∞∑
n=1

(−1)nun ^�Âñ.

(3)d'��O{�§�Iy²
∞∑
n=1

un
n
Âñ.

un =

∫ 1

0

1

(1 + t2)n
dt =

t

(1 + t2)n

∣∣∣∣1
0

−
∫ 1

0

t·(−n)· 2t

(1 + t2)n+1dt =
1

2n
+2n

∫ 1

0

t2 + 1− 1

(1 + t2)n+1dt

=
1

2n
+2n (un − un+1)⇒ un+1 =

(
1− 1

2n

)
un+

1

2n · 2n
⇒ un+1−un = −un

2n
+

1

2n · 2n
.

⇒ un+1 − u1 = −
1

2

n∑
k=1

uk
k

+
1

2
·

n∑
k=1

1

k · 2k
.

-n→∞§¿d
∞∑
k=1

1

k · 2k
= ln 2�

∞∑
k=1

uk
k

= 2u1 + ln 2 =
π

2
+ ln 2.
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Ô!(10 ©)y²: (1) ¼ê�?ê
∞∑
n=1

(−x lnx)n
n!
3(0, 1]þ��Âñ.

(2)

∫ 1

0

x−x dx =
∞∑
n=1

1

nn
.

y²µ(1) max
x∈(0,1]

|x lnx| = 1
e
. Ï�

∣∣∣ (−x lnx)nn!

∣∣∣ 6 1
enn!
�
∞∑
n=1

1
enn!
Âñ§dWeierstrass�O

{�
∞∑
n=1

(−x lnx)n
n!
3(0, 1]þ��Âñ.

(2)

∫ 1

0

x−x dx =

∫ 1

0

e−x lnx dx =

∫ 1

0

(
∞∑
n=0

1

n!
(−x lnx)n

)
dx =

∞∑
n=0

(−1)n

n!

∫ 1

0

xn lnn x dx.

È©�Ã¡¦Ú���gS´Ï�¼ê�?ê3[0, 1]þ ���Âñ5.

-Im,n =

∫ 1

0

xm lnn x dx§K

Im,n =

∫ 1

0

lnnx

m+ 1
d
(
xm+1

)
=

1

m+ 1

xm+1lnnx

∣∣∣∣∣∣10−
∫ 1

0

xm+1nln
n−1x

x
dx

 =
−n
m+ 1

Im,n−1

=
−n
m+ 1

· −(n− 1)

m+ 1
Im,n−2 = · · · =

(−1)nn!
(m+ 1)n

Im,0 =
(−1)nn!

(m+ 1)n+1 .

�

∫ 1

0

xn lnn x dx = In,n =
(−1)nn!

(n+ 1)n+1 . �\�∫ 1

0

x−x dx =
∞∑
n=0

(−1)n

n!

(−1)nn!
(n+ 1)n+1 =

∞∑
n=0

1

(n+ 1)n+1
=
∞∑
n=1

1

nn
.
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