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[10 431

Let { X, }n>0 be a square integrable martingale w.r.t. the family of o-fields F,,,n > 0.

Prove
(a). If m # n, then E[( X411 — X0n)(Xme1 — Xin)] = 0.

(b). E[(Xn41 — X»)?] = E[X7,,] — E[X]].

[15 771
Let { X, }n>0, {Yn}n>0 be two martingales w.r.t. the family of o-fields F,,,n > 0. Let
T be a stopping time. Define Z,, = X, I1,<7y + Y, Ips7y,n > 0. Assume X7 = Y7 on

the event {w;T(w) < co}. Prove that {Z,},>0 is a martingale.

[15 431

Let {X,},>0 be a martingales with E[X?] < oo and let &, = X,, — X,y for n > 1.
Use the martingale convergence theorem to prove that X,, — X, in L? if and only if
S El&] < .

[20 531

Let X,,,n > 1 be independent random variables with P(X, = 1) = p and P(X,, =
—1) =q=1—p. Let F,, = 0(Xy, Xo, ..., X;,) be the o-field generated by X1, Xs, ..., X,
and Fy = {Q,0}. Consider the random walk S, = Y ", X;,;n > 1 with Sy = 0.
Suppose 0 < p < 1. It is known that {Z, = (%)Sn,n > 0} is a martingale with
respect to F,,,n > 0. For an integer x, define the stopping time 7, = min{n; S, = x},
the first time at which the random walk hits the position z. For integers a < 0 < b,
let T'=Ty, ATy, = min(T,, Ty).

(i) Determine the value of E[Z7] and give your reason.

(ii) Use the result in (i) to show that

P(T, <Tp) = ZZ( )
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where ¢(x) = (%)I.

(iii) Suppose % <p <1l Ifa<0 < b, determine the probability that the random

walk hits a,i.e., P(T, < 00).
[10 71

Let (X,,n > 0) be a Markov chain with transition matrix (p(z,y)). Let f(y) be a

bounded function such that

f@)=> plz,y)f(y).z € S.

Y

Prove that under P,, {f(X,)}n>0 is a martingale with respect to {F,, = (X}, k <
n) bn>0, where p is the distribution of Xj.

[15 /771

Let (X,,n > 0) be a Markov chain. Let T} = 0, and T, = inf{m > T;""; X,, = y}
for k > 1. Recall p"(z,y) = P.(X,, = y). Show that

(D). Po(T* < o0) = Po(T" < o).
(il). p™(z,y) = Yomey Pu(T, = m)p" "™ (y,y).
[15 5]

Let (X,,n > 0) be a Markov chain with transition matrix (p(z,y)). Assume (X,,n >

0) is irreducible and positive recurrent.

(i) Let y # x. Define n = inf{m > 1;p"(y,z) > 0}. Explain why one can pick
Y1, -Yn—1 # y so that p(y, y1)p(y1,v2) - P(Yn-1, %) > 0.

(ii) Prove E,[T}] < oc.

(Hint: Use E,[T,] > E,[T; X1 = y1, X2 = y2, ..., X;, = .)



