
¥��2022c¢êÆ©Û(B3)Ï¥�Á

�Á�m: 11.08. 9:45—11:45

6¶µ ÆÒµ �©µ

N���ê8Ü, Z��ê8Ü, Q�knê8Ü, R�¢ê8Ü.

1. (10©) ¦4�lim
x→0

x2 sin
1

x2
¿^ε− δ �ó�Ñ�[L§"

2. (10©)���Ñ8Ü(0, 1)��êmCX, §vkk�fCX"

3. (12©) �ϕ : N→ N�ü�. ¦4� lim
n→+∞

ϕ(n)¿`²nd"

4. (12©)�f�m«mIþ�üNO¼ê¿�f(I)�´m«m"y²fëY"

5. (12©) �[a, b]�;�«m"y²: �3d[a, b]þ�õ�ª�¤��ê8

ÜP§éu?¿[a, b]þ�¢�ëY¼êf§¤á

inf

{
sup
x∈[a, b]

|f(x)−Q(x)| : Q ∈ P

}
= 0.

6. (18©) �D�R�Ø�êf8§�¼ê�{fk}∞k=1 ÷v:

• (Å:k.) é?¿x ∈ D, �3¢êM(x)¦�supk∈N |fk(x)| ≤M(x);

• (Å:�ÝëY)éu?¿x ∈ D�?¿ε > 0,�3�xÚεÑk'�δ >

0, ¦�éu¤kkÚD¥�xål�uδ�y, Ñk|fk(y)− fk(x)| < ε.

y²Xeü�(Ø:

(a) Dk�êÈ�f8E;

(b) �3{fk}�f�{fnk
}3DþÅ:Âñ"

1



2

7. (16©) �f´Rþ�2π±Ï!¢�ëY¼ê§§�Fá�?ê�

a0
2

+
∞∑
n=1

(
an cos nx+ bn sin nx

)
.

¡¢ê�{xn}�ü§´�éu?¿A > 0, Ñk

lim
n→∞

nAxn = 0.

y²: f3Rþ?¿gëY����=�{an}�{bn}þ��üê�"

8. (10©) �1´¢��þ¼ê(x)�±Ï§�(x)�÷v

(x) :=

x if − 1/2 < x < 1/2;

0 if x = 1/2.

(a) éuk ∈ N, ¦¼ê(kx)�ØëY:8Ü¿¦§3z�ØëY:?�

�m4�"

(b) PO�¤kÛ�ê�8Ü"y²iù¼ê

R(x) =
∞∑
n=1

(nx)

n2

�ØëY:8ÜT�D :=
{ p

2k
: k ∈ N, p ∈ O

}
, ¿¦§3z�Øë

Y:?�a�"

J«: 1 +
1

9
+

1

25
+ · · · = π2

8
.
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ë��Y�µ©IO

1. 0. �YéÒ�5©"L§5©§UÚ½V��©"

2. (1/3, 2/3), (1/4, 3/4), (1/5, 4/5), · · ·�¤¦��êmCX"�éÒ�10©§

ÄK"©"

3. +∞, �YéÒ�6©"L§6©§UÚ½V��©"

4. (�y{) b�x ∈ I´f�ØëY:§Ø��füNO"@o7½¤áXe
'X

f(x− 0) < f(x+ 0), f(x) ∈ [f(x− 0), f(x+ 0)] (6 points).

qdufüNO, @of(I) ⊂ (−∞, f(x − 0)] ∪ [f(x + 0), +∞) ∪ {f(x)}"
lf(x)áum«mf(I), %éØ�f(x)���¹uf(I)"gñ! (6©)

5. �P�knêXêõ�ª�N§@o§��ê8Ü(6©)"

|^Weierstrass��%C½n§y²P=�¤¦(6©)"

6. (a)´SK14.4:5(2) (6©). (b)´SK15.2:31�U?(12©)"

7. �f ∈ C∞, |^©ÜÈ©�yan, bnäk�ü5�(6©)"

�an, bn�ü"@o�n → ∞�§�Ñ´O(1/n2)¶dWeierstrass�O

{f�Fá�?ê3Rþ��Âñu2π±ÏëY¼êf̃"(3©)

d��Âñ5±9an, bn�È©L�§�f�f̃kú��Fá�?ê§l

§���"(3©)

2dan, bn�ü§|^Weierstrass�O{±9¦��?ê¦Ú���5�§

·���: éu?¿k ∈ N, f (k)(x)´n�?ê

∞∑
n=1

nk
(
an cos(k) nx+ bn sin(k) nx

)
���4�"(4©)
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8. (a) (kx)�ØëY:8Ü�{ p
2k

: p ∈ O}, ¿�(kx)3z�ØëY:?��

�0, �4��1/2, m4��−1/2"(2©)

(b) dWeierstrass�O{§�½Âiù¼êR(x)�¼ê�?ê3Rþ��
Âñ"(2©)

?�x0 /∈ D, duz�(kx)Ñ3x0?ëY§¤±R(x)½3x0?ëY"(2©)

?�x0 =
p
2k
(p ∈ O!k ∈ N�p�kp�)§@o¤áXeü��ª§

R(x0 + 0) = R(x0)−
1

2k2

(
1 +

1

9
+

1

25
+ · · ·

)
= R(x0)−

π2

16k2
,

R(x0 − 0) = R(x0) +
1

2k2

(
1 +

1

9
+

1

25
+ · · ·

)
= R(x0) +

π2

16k2
,

l��iù¼êR3x0?�a��u
π2

8k2
"·��y²1���ª"

?���ê`, d(a)N´*	�: (`x)3x0a���=�`´k�Ûê�"

�` = nk, n ∈ N, @o¤á

(`x0) = 0, lim
x→x0−0

(`x) =

1/2 if n ∈ O;

0 otherwise.

Ï�½Âiù¼êR(x)�¼ê�?ê��Âñ§·�k

R(x0 − 0) =
∑

`∈N, k-`

(`x0)

`2
+
∑

`∈N, k|`

1

`2
lim

x→x0−0
(`x) (Exercise15.2 : 9)

=
∑
`∈N

(`x0)

`2
+

∑
`∈N, `

k
∈O

1

2`2

= R(x0) +
1

2k2

(
1 +

1

9
+

1

25
+ · · ·

)
= R(x0) +

π2

16k2
(4 points).


