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1. [10 %] Assume u € L} () and V CcC Q. For 1 < p < oc, if u € LP(V) and the
differential quotient of u satisfies
|10l Loqvy < C
for some constant C and for all 0 < h < %dist(V, o), show that

uc WI'p(V), with IID’U"LP(V) < C.

2. [25 %] Assume that a”/(z) ¢ C*(), a¥(z) = o¥*(z) and (a¥(z)) > 01 > Oforall z € Q,
f € L3(2). Supposc that u ¢ H(£2) is a weak solution of

— zn: (0¥ (2)uz;),, = f(&)  inQ.
ig=1
(a) Show that for each V CC §2, there exists a constant C = C(V,Q, a") such that
lllernvy < C (12 () + el ) -
(b) Show that for each V CC €, there exists a constant. C = C(V,Q, aV) such that
el gy < € (I 2y + Null z2(q)) -

3. (15 %] Assume that b(z) € C*(Q). Let u € C3(Q) N C'(Q) be a solution of

Au(z) = Zb‘(m)‘uﬂ (z) inQ.

=1

Show that there exists a coustant C — C(, ") such that

mag]DuK:c) <C (nggx]!)ul + gax |u|) :
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1. [20 5}] Let 0 <7 < oo and Qpr — 0 x (O,T|, 'y = p \ Qr. Denoto

n

n

Lu - — Z a" (2, )z, (L) | Zb"(a:, Dz, (z, )+ e(z. Lyu(z, L)
6,7:-1 i=1

where a¥, b, c € C(Qy), 0¥ = a?* and (a¥i(z,1)) > 07 > 0. Given [, ¢ C(Sr) and

g € C(R), suppose u € C}(Qr) N C(§}r) is a solution to the initial/boundary-value
problem

u+Lu= f inQyp
uw= ¢ ondQx|0,7)
u= g onflx{t:-0}.
(a) Assume that £ >0 in Qp, v >0 on 8Q x [0,7'] and g > 0 in 2. Show that u > 0
in Qp.
(b) Show that there exists a constant C depending on 0, L, T such that

WILC + + max .
masfu(z, )] < C ( max_ ol + maxlg| + max )

5. [20 %] Assume u is a smooth solution of the hyperbolic PDI

n
Ue — Z a‘:j(x)u,;..wj {+e(z)u=0 in R" x (0,00),
ij=1

where the coefficients o (z) and ¢(z) > 0 are smooth and independent of time, a¥ =
a’* and (a¥(z)) > 0I > 0. Fix a space-time point (zo,t9) € R™ x (0,00), and let
q(z) = dist,:i(z,z0) denote the distance of z to wg with respect to the Riemannian
metric (a¥), which means that q(z) satisfies

n

a@o) =0. Y a¥(2)gs(@)gs, (@) =1, ¢ >0 in R™\ {=}.
1,7=1

Define the curved backwards wave cone
o~
K = {(z,t) | q(z) < t=ty, 0<1< tp}.

Show that if v = v, = 0 in Ko = K N {t =0}, then u = 0 within K.

6. (20 %] Apply the method of Calculus of Varialion to prove that for every [ ¢ L NE (Q)
and g € H'(S2) with n > 2, there exists a unique weak solution u € H'(Q) of

-Au= [f(z) inQ
u—= g on 91N.
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