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General facts about this exam:

e This is a closed-book examination.

e There are 9 problems (10 pages including this cover) in total.

Read all the questions carefully before starting to work.

Attempt to answer all questions for partial credit.

You have two hours to complete this exam.

Smoothness assumptions in this exam:

e All manifolds in this exam are smooth and have dimension at least 1.

All maps in this exam are smooth.

All vector fields in this exam are smooth.

All distributions in this exam are smooth.

All group actions in this exam are smooth.

All tensor fields in this exam are smooth.

All differential forms in this exam are smooth.

©@ Have A SMOOTH Exam! ©
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Problem 1 ( 4 points each, 20 points in total)

State the following theorems and briefly explain their importance (or how they are used)

(1) Sard’s theorem:

Importance:

(2) The Whitney embedding theorem:

Importance:

(3) Stokes’ formula (theorem):

Importance:

(4) Cartan’s closed subgroup theorem:

Importance:

(5) The Mayer-Vietories sequence theorem:

Importance:

(6) The Poincaré duality theorem:

Importance:
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Problem 2 (2 points each, 20 points in total)

Which of the following statements are correct? Put a “T” before correct ones, and an “F”

before wrong ones.

() Any topological manifold admits at least one smooth structure.

() The restriction of any smooth function on R"*! to S™ is a smooth function on S™.
() Any smooth function on a smooth manifold has at least one critical point.

() Any smooth manifold can be embedded into RP” for N large enough.

( ) Iff:M — N is asubmersion at p, then there is a neighborhood U of p so that f

is a submersion at each g € U.
() Any vector field X on M defines an integrable 1-dimensional distribution.

() If M is a connected smooth manifold and S C M is a smooth submanifold of

codimension 2, then the complement M — S'is connected.
() GL(n,R) is a connected Lie group of dimension n?.

() Suppose a Lie group G acts smoothly on a smooth manifold M. Then the quotient
topology on the orbit space M /G is Hausdorff.

() If M is a non-orientable manifold with boundary, then 9 is non-orientable.

() If M is an orientable connected smooth manifold of dimension m, and w € Q7" (M)

satisfies [, w = 0, then w is exact.
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Problem 3 (3 points each, 15 points in total)

For each of the following statements, write down an example.(No detail is needed.)

(1) An embedding of RP? into R*.

(2) Three smooth vector fields on S? that are everywhere linearly independent.

(3) A connected Lie group G so that the exponential map exp : g — G is not surjective.

(4) A smooth map f : $?°%2 — 52022 that is not orientation preserving.

(5) A smooth manifold M so that dim M = 2022 and dim Hj,(M) = +o0.

(6) A smooth manifold of dimension 2022 that is not the boundary of any compact

smooth manifold (with boundary) of dimension 2023.
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Problem 4 (4 points each, 20 points in total)

Write down the answers directly: (I don’t need any detail)

(1) Suppose X =z& + 3L Y =222 — 222 then

dy oz

[X7Y]:

(2) Suppose w = sin xdx + e*dy — ydz, n = — sin xdx + ydz, then

wAn=

(3) Suppose X = xa% + y3%, w = sin xdx + e*dy — ydz, then

EXw =

(4) Let M = S? x S*, then

xX(M) =

(5) Let G = SO(7), then

dimG =

(6) Consider the map f : R* — R? defined by
f@,y,s,t) =@ +y,2° + 9> +y+s° +17),

then the set of critical points of f is

Crit(f) =
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Problem 5 (15 points)

On R?, consider vector fields

0 0 0 0
X =2z— — Y =2— —.
Zay—i_y@z’ Zax+x82
(1) Write down the definitions of distribution and integrable distribution.

(2) Find the maximal subset U C R? so that V), := span{ X, Y, } defines a 2-dimensional

distribution.
(3) Prove V integrable on U, and find the integral manifold through the point (1,2,3).
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Problem 6 (10 points)

Let X be a nowhere vanishing smooth vector field on M. Prove: There exists a smooth
1-form w € Q'(M) so that w(X) = 1.
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Problem 7 (25 points)

Let f : S — M be a smooth map between two smooth manifolds. For each k, define
QF(f) = QF(M) & Q*1(S), and define three maps d, «, 3 as follows:

d: QM) = Q) (w,0) = (dw, f*w —db),

o QH(S) — QF(f), 60— (0,0),
B:ONf) - QD) (w,6) - w.
(1) Prove: dod =0, aod=—doa, fod=do}p.
(2) Define () el 98) > 9
Then the maps «, 8 induce magénage(d ) = )
o HigH(S) » HY(P), (6] = [a(0)
B HY(f) = Hop(M),  [(w,0)] = [B(w,0)].

Recall that the map f also induces a pull-back map f* : Hi (M) — HE.(S9).
Prove: f*oa* =0, f*of*=0,a*0 f* =0,

(3) Prove: Image(5*) = ker(f*), Image(f*) = ker(a*), Image(a*) = ker(5*).

(4) Prove: if f,g: S — M are homotopic smooth maps, then H*(f) ~ H*(g).
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Problem 8 (10 points)

Suppose m = k + [, where k,l > 1. Prove: There do not exist k-dimensional manifold
M and [-dimensional manifold N so that M x N is diffeomorphic to S™.
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Problem 9 (15 points)

A planar polygon (oriented) with edge lengths [y, - - - ,[,, > 0 is represented by an ordered
n-tuples of points py, - - - , p, € R? such that for each 1 < i < n, the distance ||p; 11 — p;||
between p; and p;., is [; (where we use the convention that p,,.; = p;). We will regard
two such polygons as the same if one can be obtained from the other after rotation and
translation. Denote the origin by O, and denote the positive x-axis by X, namely

X ={(z,0) | z > 0} C R%

’ In what follows, assume n = 4. ‘

(a) Forany (l1,--+,1,) € (Rs)", we consider the set
P(lla T aln)::{(pla' : apn) : ||pz+1_pz|| :lz (1§’L§’ﬂ),p1 - Oapn € X}C (RQ)”Z

Explain why P(ly, - - - ,l,,) can be viewed as the space of planar polygons with edge
lengths [y, - - - , 1, up to rotation and translation.

(b) To study P(ly,--- ,l,), we introduce an auxiliary space (for Iy, - , 1,1 > 0)
Ay, b)) ={(p1, pn) : |IDis1—pil| =lL(1<i<n—1),p1 = O,p, € X} C(R*)".
Prove: A(ly,--- ,l,_1) is a smooth manifold of dimension n — 2.

(c) Prove that there exists a dense subset of ({1, -+ - ,1,) in (R+¢)" such that P(ly,- - , 1)

is either empty, or a smooth manifold of dimension n — 3.
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