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2017—2018Æc¢ÆÏÏ"�ÁA ò

�Á�8: êÆ©Û(B3) �©

Æ)¤3X: ÆÒ 6¶

5¿:

? Z>0, Z, R�Rd©O��N��ê�8Ü, �N�ê�8Ü, �N¢ê�8Ü�d�î¼�m.

? Ø1�K�	, ¤k¯K�)�Lk��L§.

¯K� (20©) 3Áò½ö�K�þ���ÑXe�¯��Y, Ø�O�L§"

1a. R2�f8{
(x1, x2) ∈ R2 :

x21
4

+
x22
9
≤ 1
}⋃{(

2+
1

n
, 0

)
: n ∈ Z>0

}⋃{
(x1, x2) ∈ R2 : (x1−3)2+x22 = 1

}
�¡È(��JordanÿÝ)�u .

1b. äN�Ñ��lR2�Ýþf�mM1= {(x1, x2)∈R2 : x2−x21= 0}�,��Ýþf�mM2={
(x1, x2) ∈ R2 : x2 = 0

}
�Ó�N�: .

1c. ò4�¢�
�N�¤��5�mMat4�Óuî¼�mR4×4. @oo���Ý
�NO(4)´Mat4¥

� �C∞­¡.

1d. (0,+∞)þ�¼ê
1

x
'u:x0>0��?êÐmª� .

1e. 4�limk→∞
(
limj→∞ (

sin(k!π2)
)2j)

�u .

¯K� (12©) �f :M→N�Ýþ�m�m�N�. y²'uf�Xeü�^��d:

(1) ?¿N�4f8A3fe���f−1(A)�M¥�4f8.

(2) ?�M¥�Âñ:�{pn}, {f(pn)}3N¥Âñ.

¯Kn (8©) �E´R���f8, �¢êy´ü�ê�{xn}�{yn}�ú�4�, Ù¥xnáuE,

yn´E�e.. y²y´E�e(..

¯Ko (10©) ¡;�«mIþ�¼ê�f1, f2, · · · Å:k., ´�éu?¿x ∈ I, �3M(x)> 0¦

�éu¤kk¤á|fk(x)|≤M(x). ¡f1, f2, · · · Å:�ÝëY,´�éu?¿x∈ I�?¿1/m,�3

�x91/mÑk'�1/n,¦�éu¤kk�¤kÚx�ål�u1/n�y∈ I,¤á|fk(x)−fk(y)|≤
1/m. y²: ;�«mIþÅ:k.�Å:�ÝëY�¼ê�f1, f2, · · ·7½�3��Å:Âñ�
f�.



¯KÊ (12©) �f´Rþ�2π±Ï¼ê�3?Û;�«mþiù�È.

5A y²7½�3x0 ∈ R¦�limN→∞ σN f(x0) = f(x0), Ù¥

σNf(x) =
1

2π

∫π
−π
f(x−y)KN(y)dy, KN(x) =

1

N+1

(
sin

(N+1)y
2

sin y2

)2
.

5B y²3«m[−π, π]þ÷vþã5��:x0��N�¤��Ø�ê8Ü.

¯K8 (8©) òn�¢�
�N�¤��5�mMatn�Óuî¼�mRn2 . y²: �3Matn�

�¹n�ü Ý
In�m8U�V, éuV¥�?¿Ý
A, 3U¥�3���Ý
X, ¦�

X2018−X2017+X=A.

¯KÔ (20©)¡¼êf :Rd→R�»�¼ê,´�:éu?¿�x, y∈Rd,��|x|= |y|,Òkf(x) =

f(y), ùp| · |´Rdþ�î¼�ê. ¡¼êf : Rd→ R·�P~, ´�fëY¿��3C > 0, éu?

¿x ∈ Rd¤á|f(x)|≤ C
1+|x|n+1

.

7A �¼êf : Rd→ R·�P~. y²

f](ξ) :=

∫
Rd
f(x) cos(x ·ξ)dx, ξ ∈ Rd,

�3Rdþ??k½Â���ëY¼ê, ùpx ·ξ �Rd þ�þx�ξ �î¼SÈ.

7B �f : Rd→ R�·�P~�»�¼ê. y²f] : Rd→ R´»�¼ê.

¯Kl (10©) �M´R3¥��C1;�­¡. y²: éuR3 ¥�?¿²¡V, ���3M þü

:��²¡©O�V²1½ö­Ü.



Ï"�ÁAò�ë��Y9µ©IO

1. z¯4©, �©�0, 4©, �ü�.

6π, M1 3 (x1, x2) 7→ (x1, 0) ∈M2, 6,
1
x0

∑
∞
n=0 (−1)

n
(
x−x0
x0

)n
, 0.

2. z¯6©, �©�0-6©, �7�.

(1)=⇒(2)d(1)±948�{8�m8,·���?¿N�mf8U3fe���f−1(U)�M¥�

mf8. (2©) �pn→ p in M, |^�y{y²f(pn)→ f(p). eØ,, ÏL�f���{, ·�

�±Ø���3ε0 >0: d
(
f(pn), f(p)

)
≥ ε0 for all n. (2©)PB�N¥±f(p)�¥%,±ε0��»

�m¥. duf−1(B)�M��¹p�m8±9pn→ p,�n¿©��, pn ∈ f−1(B),l
f(pn)∈ B.
gñ! (2©)

(2)=⇒(1)?�N�4f8A,?�f−1(A)¥�Âñ:�pn,�pn→p∈M. d^�(2), f(pn)3N¥

Âñ. (2©)éÂñup�#·Ü:�p1,p,p2,p, · · ·$^^�(2), (2©)�f(pn)→ f(p). duf(pn)
áu48A, ¤±f(p) ∈A, l
p ∈ f−1(A). �yf−1(A)�48. (2©)

3. �©�0-8©, �9�.

duy´E�e.�4�, y½�E�e.. (4©)?�E�e.z,duxn ≥ z,�4��y≥ z. l

��y´E���e.. (4©)

4. �©�0-10©�11�. ù�K¥�";�"^�´õ{�, ·Kéu���«mÑ¤á.

?�ε> 0,éu?¿x∈ I,�3I¥��¹x�m8Ux,?�y∈Ux,?�k,Ñk|fk(x)−fk(y)|<
ε
3 .

du{fn}Å:k., |^é��y{, �±Ø��{fn}3I����êÈ�f8{a1, a2, · · · }þÅ:
Âñ.

?�x ∈ I, dÈ�5Ø��a1áuUx. du{fn(a1)}Âñ, @o�3N, �k,` ≥ N�, |fk(a1)−

f`(a1)|<
ε
3 . d�, 2d1�ã¥�Ø�ªÚn�Ø�ª, ¤á

|fk(x)− f`(x)|≤ |fk(x)− fk(a1)|+ |fk(a1)− f`(a1)|+ |f`(a1)− f`(x)|< 3 ·
ε

3
.

=y{fn}Å:Âñ.

5. 5A�9©, �©�0-9©�10�. 5B�3©, �©�0-3©�4�.

5A ©üÚy²·K.

Step 1. ef3x0ëY, @o7½¤álimN→∞ σN f(x0) = f(x0). (6©) ù´����K, L§Ñ.

Step 2. f�½këY:. (3©) ¯¢þ, �Iy²f|[−π,π]3«mSÜ(−π, π)�½këY:. d

uf3T«mþiù�È, d18Ù�½n�: ?�ε > 0, �3m«m�In, ¦�f3[−π, π]þ�

ØëY:8Ü�±�¹u¿8∪n In, ¿�∑n |In| < ε. ef3(π, π)þ?¿:ÑØëY, @o?

�1 > ε > 0, �3m«m�In, [−π, π]⊂ ∪n In, ¿�∑n |In|< ε. du[−π, π];�, ¤±§�¹u

k���Ý�Ú�u1�m«m, gñ!

5B f3(−π, π)þ�ëY:8ÜØ�ê. eØ,, ?�ε > 0, �ê8Ü¬�¹u���ÝÚ�

uε�m«m�¿, 2dStep 2 �ín=�y. (3©)



6. ©�0-8©�9�. ½ÂN�f :Matn→Matn�f(X) = X2018−X2017+X. òMatn �Rn×n�Ó

å5, @of(X)�z�©þÑ�X�©þ��õ�ª¼ê, l
f ∈ C1. (2©) du

f(In+B)− f(In) = (In+B)
2018−(In+B)

2017+(In+B)− In = 2B+ r(B), lim
|B|→0

|r(B)|

|B|
= 0,

¤±dfIn(B) = 2B, l
dfIn�_. (4©) |^_N�½n�y. (2©)

7. z¯10©, ©�0-10©�11�.

7A f]�û½5´��SK. (4©).

ey§��ëY. ?�ε > 0, �N¿©�¦�
∫
|x|>N |f(x)|dx < ε

2 . (2©) ?¿�½ξ, η, x ∈ Rd,

½Â«m[0, 1]þ�¼êφ(t) := cos
((
tη+(1− t)ξ

)
·x
)
. d�©¥�½n, óª{K±9Cauchy-

Schwarz Ø�ª, �3s ∈ (0, 1)¦�

|cos ξ ·x− cos η ·x|= |φ(0)−φ(1)|= |φ ′(s)|=
∣∣∣sin ((sη+(1− s)ξ

)
·x
)∣∣∣ · |(ξ−η) ·x|≤ |ξ−η| · |x|.

(2©) u´, �|ξ−η|<< 1�, ·�k

|f](ξ)− f](η)| ≤
∫
|x|>N

2|f(x)|dx+

∫
|x|≤N

|cos(ξ ·x)− cos(η ·x)| · |f(x)|dx

≤ ε

2
+

∫
|x|≤N

C |ξ−η| |x|

1+ |x|n+1
dx

≤ ε

2
+C2dNd |ξ−η|< ε. (2 points)

7B �R : Rd → Rd���C�. éu��·�P~¼êf : Rd → R, PRf(x) := f(Rx). @o|

^x ·ξ= (Rx) · (Rξ), det R=±1±9È©��úª,��(Rf)](ξ) = (Rf])(ξ). (6©)�f�´»�¼

ê�, éu?¿���C�R, ¤áRf = f, dc¡�'Xª�f] = Rf]. (2©) ?�ü��Ý�Ó

��þξ,η ∈ Rd, d�5�ê, �3��C�RòξN�η, Ïdf] ½�»�¼ê. (2©)

8. �²¡V ⊂ R3�ü {�þξ. ·�äó: R3þC1¼êf(x) = x · ξ3;�C1­¡Mþ�½
Ø�~�. ^�y{. b�M¹u,�²¡H = {x ∈ R3 : x · ξ = const}, @oM ⊂ H. Ï�M´
��­¡, ?�p ∈M, �3H¥�¹p�U, ¦�U∩M���H�m8, ÏL·� �m8U¦

�p ∈U⊂M. u´M�H�m8. ,��¡, duM�R3 �4f8, l
M =M∩H �H �4
8. duH ëÏ, M=H. ù�M ;�gñ. (4 ©)

duf3;�­¡MØ�~�, l
f3MþØÓ�ü:p, q©O���������. (2©)

u´ÏLLagrange¦ê{Øy, ξÓ�´­¡Mþp,q?M�{�þ. (4©)
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