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2016—2017Æc¢GÆÏÏ"�ÁAò

�Á�8: êÆ©Û(B3) �©

Æ)¤3�X: ÆÒ 6¶

KÒ � � n o Ê 8 Ô l o©

�©

5¿: Q,R�Rd©O��Nknê8Ü, �N¢ê8Ü�d �î¼�m. Ø¯K�, ��	, Ù

¦¯K�)��k��L§.

¯K� (15©) �äXe·K��Ø§�Y���3Áòþ§Ø��Ñ)�L§"

1A knêCauchy ���N�¤�ê8Ü"

1B �Rþ�¢�¼êf3�:x = 0?�3k��4�A"@oéu?¿ε > 0,�3δ > 0,

¦�é?¿¢êx, ��|x| < δ, Òk|f(x)−A| < ε"

1C �D´R�Ã�f8"@o�3��üN~¼êg : R→ R§§�ØëY:8ÜTÐ

´D"

1D �h´½Â3m«m(0, 1)þ���ëY¢�¼ê"@o�34«m[0, 1]þ�ëY¢

�¼êH§éu?¿x ∈ (0, 1)§Ñkh(x) = H(x)"

1E �G(x)´4«m[0, 1]þ�C1¢�¼ê"@o�3��õ�ªPn(x) äkXe5�:

?�ε > 0, �3��êN , ?�n > N , ?�x ∈ [0, 1], Ñk

|G(x)− Pn(x)| < ε, |G′(x)− P ′n(x)| < ε.

¯K� (20©) ©O�Ñî¼²¡R2�f8AÚB�4�:8Ü, SÜ, 4�, >.Ú���êÈ

�f8§Ø�)�L§§ùp

A = (0, 1)× [0, 1] =
{

(x, y) ∈ R2 : 0 < x < 1, 0 ≤ y ≤ 1
}

,

B = R2\Q×Q =
{

(x, y) ∈ R2 : either x /∈ Q or y /∈ Q
}
"

¯Kn (8©) �Ñ¦��?ê
∞∑
n=1

(x− 1)n

n
ýéÂñ�¤k¢ê�¤�8Ü§¿`²nd"

¯Ko (10©) �f�Rþk.¢�¼ê§§�±Ï�2π§¿�f34«m[0, 2π]þiù�È�

3a ∈ [0, 2π]?ëY"y²limN→∞
(
σNf

)
(a) = f(a), Ù¥

(
σNf

)
(x) :=

1

2π(N + 1)

∫ π

−π
f(x− y)

(
sin (N+1)y

2

sin y
2

)2

dy.



¯KÊ (10©) òn�¢�
�N�Óuî¼�mRn×n = Rn2

"y²: éz��n �ü Ý


Iné�C�n�¢�
M§Ñ�3²��A(�§A2 = M �))¶¿�eA�Iné�C, @o�

§A2 = M �)´���"

¯K8 6A (6©) y²n ≥ 2�î¼�mRn�f8

M = {x = (x1, · · · , xn) ∈ Rn : x1x2 · · ·xn = 1}

´(n− 1)�C∞­¡§äN�ÑM�¼êã�L«§¿¦M3:(1, 1, · · · , 1︸ ︷︷ ︸
n

)?���m"

6B (6©) �f�Rnþäk;�|8�¢�ëY¼ê"y²: éu?¿t > 0¤á∫
Rn

f(tx) dx = t−n
∫
Rn

f(x) dx,

Ù¥tx = (tx1, · · · , txn)"

¯KÔ (10©) �37A�7B¥=À��?1)�"XJÑ��§K�â7A�©"

7A (10©) �f´½Â34«m[0, 1]þiù�È�k.¢�¼ê"y²f �¼êã�

G(f) :=
{(
x, f(x)

)
∈ R2 : x ∈ [0, 1]

}
3R2¥�Jordan ÿÝ�u""

7B (10©) �äî¼²¡R2�f8B = R2\Q×Q´ÄëÏ¿`²nd"

¯Kl∗ �f : Rn → Rn�C1N�"éu�½¢êt, ½ÂN�

Φt : Rn → Rn, Φt(x) = x− t f(x).

8A (5©) y²: éu?¿;�f8K ⊂ Rn§�|t|¿©��, Φt : K → Rn�ü�"

±e�b�f÷vXe^�:

• 〈f(x) , x〉 = 0, Ù¥〈· , ·〉�Rnþ�î¼SÈ¶

• |f(x)| = |x| if |x| = 1, Ù¥|x|�x ∈ Rn�î¼�ê§=|x| =
√
〈x , x 〉¶

• f(rx) = r f(x) for all x ∈ Rn and r ≥ 0"

éur > 0, ^S(r) = {x ∈ Rn : |x| = r}L«Rn¥±�:�%§±r��»�¥¡"

8B (5©) y²: éu?¿r > 0§�|t|¿©��§Φt´lS(r)�S
(
r
√

1 + t2
)
�÷�"

8C (5©) y²: éu?¿0 < a < b§�|t|¿©��§

Φt : A = {x ∈ Rn : a < |x| < b} →
√

1 + t2A =
{
x ∈ Rn : a

√
1 + t2 < |x| < b

√
1 + t2

}
´Ó�"

J«: 8B�±¦^Ø Nì�ny²"8C�y²�±¦^8A�8B�(Ø"8A, 8B�8CüÕ�

©"



Aòë��Y�µ©IO

� �§�§�§é§é. z¯n©.

� A�4�:8�4�µ[0, 1]× [0, 1], SÜ: (0, 1)× (0, 1), >.: {0, 1} × [0, 1]∪ [0, 1]× {0, 1},
�êÈ�f8:A ∩Q×Q.

B�4�:8Ü§4��>.: R2, SÜ��8, �êÈ�f8: Q×
√

2Q?, ùpQ? = Q\{0}.
z¯ü©.

n (0, 2). �Yé, �o©"̀ ²ndo©, k¦É���ü©"

où´����K"µ©IO:�{)��÷©�©; Ønk��¦É�n©; k��¦É�8

©; �m©Òkî­�Ü6�Ø
����ínó^ä��"©"

Êù´����K"µ©IO:�{)��÷©�©; Ønk��¦É�n©; k��¦É�8

©; �m©Òkî­�Ü6�Ø
����ínó^ä��"©"

8 6A ùA�´����K"^Û¼ê½ny²M�C∞­¡�ü©§�ÑM�±L«¤½Â

3Rn−1�m8 {
(x1, · · · , xn−1) ∈ Rn−1 : x1x2 · · ·xn−1 6= 0

}
þ�C∞¼êf(x1, · · · , xn−1) =

1

x1x2 · · ·xn−1
�ã��ü©"d�öÓ��ÑM�C∞­¡ö�

��o©"�Ñ��m�÷v�§

〈x− (1, 1, · · · , 1) , (1, 1, · · · , 1)〉 = x1 + · · ·+ xn − n = 0

��²¡�ü©"

6B ù´����K"µ©IO: �{)��÷©8©; =k��¦É�1©; k��¦É�3©;

�m©Òkî­�Ü6�Ø
����ínó^ä��"©"

Ô éu7A�7Bü�KÑ)��Æ), À7A?1�©.

7Adfiù�È,?�ε > 0,�3[0, 1]�©�π,¦�Sπ(f)−Sπ(f) < ε(4©). |^Sπ(f), Sπ(f)�

EÑk��>²1u�I¶�Ý/, §�CXG(f), üüØ­U§¿�§��¡È�ÚTÐ�

uSπ(f)− Sπ(f)(6©).

µ©IO: �{)��÷©; =k��¦É�2©; k��¦É�5©; �m©Òkî­�Ü6�

Ø
����ínó^ä��"©"



7B B�´ëÏ, l
ëÏ. �ä�(�o©. y²Ó8©.

y²Xe: ?�B¥ü�ØÓ�:(x1, y1)�(x2, y2). �I`²B¥�3ë�§��ò�.¯¢þ,

�±Ø��x1 /∈ Q. XJy2 /∈ Q, @ol(x1, y1)�(x1, y2)�Y²�ã�l(x1, y2)�(x2, y2)�

Y��ãÑ¹uB. XJy2 ∈ Q, @ox2 /∈ Q. �y3 /∈ Q, @ol(x1, y1)�(x1, y3)�Y��ã,

l(x1, y3)�(x2, y3)�Y²�ã, �l(x2, y3)�(x2, y2)�Y��ãÑ¹uB.

y²µ©IO: �{)��÷©8©; =k��¦É�1©; k��¦É�3©; �m©Òkî­

�Ü6�Ø
����ínó^ä��"©"

l µ©IO: z¯Ê©§��n¯. �{)��÷©Ê©; =k��¦É�1©; k��¦É

�3©; �m©Òkî­�Ü6�Ø
����ínó^ä��"©. �¯�ë�)�Xe.

8A �R > 0¿©¦�BR = {x ∈ Rn : |x| ≤ R}�¹K, Pc = supx∈BR
‖df(x)‖. �|t|¿©��,

|t|c < 1/2. @o?�x, y ∈ K ⊂ BR, d[�©¥�½n, ¤á|tf(x) − tf(y)| ≤ |x − y|/2. l


|Φt(x)− Φt(y)| ≥ |x− y| − |tf(x)− tf(y)| ≥ |x− y|/2, =yΦt : K → Rn�ü�.

8BdΦt�àg5,�Iy²r = 1��/. ,	,df÷v�n�Ö¿^���|Φt(x)| =
√

1 + t2|x|,
l
ΦtòS(r)N�S(

√
1 + t2r). e¡y²Φt : S(1) → S(

√
1 + t2)�÷�. �;�f8K = {x ∈

Rn : 1/2 ≤ |x| ≤ 3/2}. @oaq8A, �|t| ¿©��, ¤á|tf(x) − tf(y)| ≤ |x − y|/2 for all

x, y ∈ K,¿��¤á|tf(x)| ≤ 3|t|/2 ≤ 1/2 for all x ∈ K. ?�x0 ∈ S(1),N´wÑ9ÏN�x 7→
x0 + tf(x)òKN�g�, �Ø Ïf�1/2�Ø N�. dØ N��n, �3���x ∈ K ¦
�x = x0 + tf(x), i.e. Φt(x) = x0. òx�x0Ó�¦±

√
1 + t2, �yΦt : S(1) → S(

√
1 + t2)�÷

�.

8C Äkd8B�, �|t|¿©��, Φt : A →
√

1 + t2A�÷�. d8A�, �|t|¿©��, §�ü�.

,��¡, �|t|¿©��, supx∈A ‖dΦt(x)− I‖ = supx∈A |t|‖df(x)‖½,, @odΦt3A þ??�

_. d_N�½n�íØ�Φt : A→
√

1 + t2A�mN�, ¤±�Ó�.



�ò�'¯¨

• ��[g�ù)u1�10F�þ7:00m©3·��ú¿�ò, 311F±S�¤�òó�"��

[hKI|����òó�, ·Øë�"

• ��[©�Ð?Ö, ë�zK�¡�µ©IO, æ^6Y�ª�ò,"�Ü�ò�.��, ��

[��EØ�g"XJEØ<é��½©êkØÓ¿�§�û?û½��©ê"EØ�.��

o©,o©�.����[�P2EØ�gâ�P�Excel©�"�31�11F�þòExcel©�

u�·�n ��L, ¿3+pXeÏ�Æ):

é©êkÉÆ�ÓÆ�31�12F�þ9:00�c��g�Ï�JÑ�ò��, LÏ���LØ�

É"Ï�ò[�@ý/­#1U��<�Áò, ���©ê��ª©ê"��L§¥��<Ø

�>Áò"

• ���òL§�31�13F�þ�c�¤, ¿òP¹kÏ"�Á©ê, Ï¥�Á©ê�²�¤

1�Excel ©�®o���Excel ©�þ",�én�©ê�Ó'?1NÁ§�`D'~�~�

C�Ø�L0.4�§O�Ñoµ¤1(·(½�Ð©'~´Ï"0.5, Ï¥0.3, ²�0.2.)"���ò

P¹k�)oµ¤13S�o�¤1�Excel ©�u�·"
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2016—2017Æc¢GÆÏÏ"�ÁBò

�Á�8: êÆ©Û(B3) �©

Æ)¤3�X: ÆÒ 6¶

KÒ � � n o Ê 8 Ô l o©

�©

5¿: Q,R�Rd©O��Nknê8Ü, �N¢ê8Ü�d �î¼�m. Ø¯K�, ��	, Ù

¦¯K�)��k��L§.

¯K� (15©) �äXe·K��Ø§�Y���3Áòþ§Ø��Ñ)�L§"

1A ��knêCauchy ��½k."

1B �Rþ�¢�¼êf3:x0?ëY"@oéu?¿ε > 0, �3δ > 0§¦�é?¿¢

êx§��|x− x0| < δ§Òk|f(x)− f(x0)| < ε"

1C �D´R��êÃ�f8"@o�3��üNO¼êg : R → R, §�ØëY:8Ü

TÐ´D"

1D �h´½Â34«m[0, 1]þ�iù�È¼ê"@oh�ØëY:8Ü�½´k�8

Ü"

1E 4«m[0, 1]þ��k.�ëY¢�¼ê��½k��Âñf�"

¯K� (20©) ©O�Ñî¼²¡R2�f8AÚB�4�:8Ü, SÜ, 4�, >.Ú���êÈ

�f8§Ø�)�L§§ùp

A = (0, 1)×R =
{

(x, y) ∈ R2 : 0 < x < 1
}

,

B = Q×
(
R\Q

)
=
{

(x, y) ∈ R2 : x ∈ Q, y /∈ Q
}
"

¯Kn (8©) �Ñ¦��?ê
∞∑
n=1

(x+ 1)n√
n
ýéÂñ�¤k¢ê�¤�8Ü§¿`²nd"

¯Ko (10©)�f�RþëY¢�¼ê§§�±Ï�2π§¿�f3a ∈ [0, 2π]?��ëY��"y

²limN→∞
(
SNf

)
(a) = f(a), Ù¥

(
SNf

)
(x) :=

1

2π

∫ π

−π
f(x− y)

sin
(
N + 1

2

)
y

sin y
2

dy.



¯KÊ (10©) òn�¢�
�N�Óuî¼�mRn×n = Rn2

"y²: éz��n �ü Ý


Iné�C�n�¢�
M§Ñ�32017g��A(�§A2017 = M �))¶¿�eA�Iné�C,

@o�§A2017 = M �)´���"

¯K8 6A (6©) y²n ≥ 2�î¼�mRn�f8

M = {x = (x1, · · · , xn) ∈ Rn : x1 + x22 + · · ·+ xnn = n}

´(n− 1)�C∞­¡§äN�ÑM�¼êã�L«§¿¦M3:(1, 1, · · · , 1︸ ︷︷ ︸
n

)?���m"

6B (6©) �f�Rnþäk;�|8�¢�ëY¼ê"y²: éu?¿t > 0¤á∫
Rn

f(x/t) dx = tn
∫
Rn

f(x) dx,

Ù¥x/t = (x1/t, · · · , xn/t)"

¯KÔ (10©) �f´��/[0, 1] × [0, 1] =
{

(x, y) ∈ R2 : 0 ≤ x, y ≤ 1
}
þ¢�ëY¼ê"l½

ÂÑuy²f3[0, 1]× [0, 1]þiù�È"

¯Kl∗ �F´R2�4f8, ¿�F�SÜInt(F )�F�{8F c := R2\FÑ��"

8A (5©) y²: ?�x ∈ Int(F ), ?�y ∈ F c, y²lx�y��ã

xy := {tx+ (1− t)y|t ∈ [0, 1]}

þ7½¹kF�>.:"

8B (10©) y²: F�>.8Ü∂F´Ø�ê8Ü"

J«: 8A�8BÕáµ©§�±¦^8Ay²8B"



Bòë��Y�µ©IO

� é§é§é§�§�§. z¯n©.

� A�4�:8�4�µ[0, 1]×R, SÜ: A, >.: {0, 1} ×R, �êÈ�f8:A ∩Q×Q.

B�4�:8Ü§4��>.: R2, SÜ��8, �êÈ�f8: Q×
√

2Q?, ùpQ? = Q\{0}.
z¯ü©.

n (−2, 0). �Yé, �o©"̀ ²ndo©, k¦É���ü©"

o y²aqu�§ùÂ�½n3.5.1§�´ù�KØ´T½n���íØ"

µ©IO: �{)��÷©�©; Ønk��¦É�n©; k��¦É�8©; �m©Òkî­

�Ü6�Ø
����ínó^ä��"©"

Êù´����K�C/"µ©IO:�{)��÷©�©; Ønk��¦É�n©; k��¦

É�8©; �m©Òkî­�Ü6�Ø
����ínó^ä��"©"

8 6A ùA�´����K"^Û¼ê½ny²M�C∞­¡�ü©§�ÑM�±L«¤½Â

3Rn−1þþ�C∞¼êf(x2, · · · , xn) = n− (x22 + · · ·+ x2n)�ã��ü©"d�öÓ��ÑM�C∞­

¡ö���o©"�Ñ��m�÷v�§

〈x− (1, 1, · · · , 1) , (1, 2, · · · , n)〉 = x1 + · · ·+ xn −
n(n+ 1)

2
= 0

��²¡�ü©"

6B ù´����K"µ©IO: �{)��÷©8©; =k��¦É�1©; k��¦É�3©;

�m©Òkî­�Ü6�Ø
����ínó^ä��"©"

Ô ù´�§ùÂ�½n6.2.4 �A~§�´�¦Æ)l�©½ÂÑu­#y²"

µ©IO: �{)��÷©; =k��¦É�2©; k��¦É�5©; �m©Òkî­�Ü6�

Ø
����ínó^ä��"©"éuÚ^½n6.2.4 y²�Æ)�3©"

lµ©IO:1�¯Ê©§1�¯�©"1�(�)¯�{)��÷©,=k��¦É�1(2)©;k

��¦É�3(5)©;�m©Òkî­�Ü6�Ø
����ínó^ä��"©. �¯�ë�)

�Xe.

8A Pt0 = sup{t : tx + (1 − t)y ∈ Int(F )}. @odux ∈ Int(F ), Kt0 > 0; duy ∈ F c(m8),

�0 < t0 < 1. @odt0�½Â�t0x+ (1− t0)y7½áu∂F .

8B duF c���m8, @oF c�¹±y ∈ F c�%§±,�r > 0��»�4¥B. lxÑu

Tkü^���B©O��uz1, z2. ?��±∂Bþz1�z2�m��lẑ1z2þ��:z, d8B, �



ãxz�∂F��§¿�dAÛ�*�ù�x�ã{xz : z ∈ ẑ1z2}Ø
3à:x�	üüØ�§l

·���l8Üẑ1z2 �∂F �ü�"du�l�«m[0, 1]Ó�§�l�Ø�ê8Ü§l
∂F�

Ø�ê"


