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1. 设集合E ⊂ Rd, 证明:E是Carathéodory可测的, 当且仅当E是Lebesgue可测的(即∀ε > 0,存在开集O包

含E, m∗(O − E) < ε).

2. 设(X,M)上有正测度µ和符号测度ν1, ν2, ν, 证明:

(1)若ν1 ⊥ ν2, 那么|ν1| ⊥ |ν2|;
(2)若ν ⊥ µ, ν << µ,那么ν = 0.

3.设X是紧度量空间, l是C(X)上的一个正线性泛函, 令

ρ(O) = sup{l(f)|suppf ⊂ O, 0 ≤ f ≤ 1, O is open},

µ∗(E) = inf{ρ(O)|E ⊂ O,O is open}.

证明:µ∗是度量外测度.

4.设u(t, x) ∈ C1,2([0,+∞)× Rd), f(x) ∈ C2(Rd)满足微分方程∂tu−∆u = 0, u(0, x) = f(x). 证明:

||u||Lp(Rd) ≤ Ct−
d
2 (

1
r−

1
p )||f ||Lr(Rd), 1 ≤ p ≤ r < +∞

5. 设F是具有紧支集的分布, φ ∈ S是速降函数, 证明:F ∗ φ ∈ S.

6. 设I ⊂ R是开区间, u ∈ D′(I), 若u′ = 0, 证明: u恒为常数.

7. 设f ∈ Lp, 1 ≤ p < +∞, λ(α) := m({x : |f(x)| > α}), 令

αk = inf
λ(α)<2k

α, ck = 2
k
pαk, χk =

1

ck
χ[αk+1,αk)(|f |)f.

再记

F (α) :=
+∞∑

k=−∞

2kH(αk − α),

其中H(x)是Heaviside函数.

(1)证明:
+∞∑

k=−∞

cpk =

∫ +∞

0

αp(−F ′(α))dα

(2)证明:
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p ≤ C||f ||Lp
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